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C^^ , We discuss how gerbes may be used to set up a consistent Lagrangian approach to 

the WZW models with boundary. The approach permits to study in detail possible 
boundary conditions that restrict the values of the fields on the worldsheet boundary 
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\o 
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^^ ' to brane submanifolds in the target group. Such submanifolds are equipped with an 

f^ , additional geometric structure that is summarized in the notion of a gerbe module 

and includes a twisted Chan-Paton gauge field. Using the geometric approach, we 
present a complete classification of the branes that conserve the diagonal current- 
O , ' algebra symmetry in the WZW models with simple, compact but not necessarily 

D , simply connected target groups. Such symmetric branes are supported by a discrete 

i-^ ' series of conjugacy classes in the target group and may carry Abelian or non-Abelian 

twisted gauge fields. The latter situation occurs for the conjugacy classes with fun- 
damental group 1j2 XZ2 in SO{An)/'Zi2. The branes supported by such conjugacy 
classes have to be equipped with a projectively flat twisted U{2) gauge field in one 
C^ ■ of the two possible WZW models differing by discrete torsion. We show how the 

geometric description of branes leads to explicit formulae for the boundary parti- 
tion functions and boundary operator product coefficients in the WZW models with 
non-simply connected target groups. 



1 Introduction 

Boundary conformal field theories play an important role in the study of two- or (1 -|- 1)- 
dimensional critical phenomena in finite geometries and in the understanding of branes 
in string theory. In the latter context much of the original work has been done in the 
Lagrangian approach where one considers tense strings moving in fiat or nearly flat 
space-times, with ends restricted to special submanifolds called Dirichlet branes or D- 
branes [61]. From the worldsheet point of view, this amounts to the study of conformally 
invariant boundary sigma models with fiat or nearly fiat target spaces and with fields 



'membre du C.N.R.S. 



on the worldsheet boundary restricted to take values in the brane submanifolds of the 
target. The latter are chosen in a way that assures that the boundary theory still has 
(half of) the conformal symmetry. Such boundary sigma models constitute, at least 
perturbatively, examples of boundary conformal field theories. On the non-perturbative 
level, the field theories of this type may be analyzed in algebraic terms with the powerful 
2d conformal symmetry toolkit [20], as initiated in [16]. In this way, boundary conformal 
field theory provides a formulation of the stringy or D-geometry [22]. Understanding how 
this geometry modifies the standard geometry requires also a translation of as many of 
its aspects as possible to a more standard Lagrangian geometric language. This program 
has been implemented to a certain degree for the Calabi-Yau sigma models and the 
N = 2 supersymmetric boundary conformal field theories, see [22, 23, 5], where, due 
to supersymmetry, the relation between the stringy and the classical geometry may be 
traced a long way and is reflected in the mirror symmetry [48]. 

Similar question may be studied for the Wess-Zumino-Witten (WZW) model, a con- 
formally invariant sigma model with a group manifold as the target [71]. Here, it is the 
rich current-algebra symmetry that allows to trace the relation between the stringy and 
the classical geometry. In the WZW model, one may access the stringy geometry via 
the exact solution of the corresponding boundary conformal field theory. On the other 
hand, one may interpret this solution within the Lagrangian approach. In particular, the 
WZW theories provide an important laboratory for studying stringy geometry of curved 
D-branes with non-trivial fluxes of the Kalb-Ramond i?-field [67]. In the simplest case, 
the so called (maximally) symmetric D-branes in the WZW models with compact targets 
correspond to a discrete series of the integrable conjugacy classes in the group manifold 
[47, 2]. These are the conjugacy classes that contain elements e^'^ ' where k is the level 
of the model (related to its coupling constant) and A is the highest weight of a chiral 
current-algebra primary field of the theory. For the so called diagonal WZW models with 
simply connected target groups, there is a unique integrable conjugacy class for each A 
and a unique maximally symmetric conformal boundary condition associated to it [2], 
see also [37]. This results in a one-to-one correspondence between the primary fields and 
the boundary conditions, as predicted in [16]. The situation is more complex for the 
non-diagonal WZW models corresponding to non-simply connected target groups. The 
set of maximally symmetric conformal boundary conditions and the exact solution for 
the boundary model have been described in [30, 32, 70] in terms of the so called simple 
current structure [50], see also [7, 59, 34]. This description exposes a more complicated 
relation between the integrable conjugacy classes and the boundary conditions, with oc- 
currence of non-trivial multiplicities of the latter for a fixed conjugacy class and with a 
possibility of spontaneous generation of non-Abelian gauge-type structure [31]. In par- 
ticular, ref. [32]stressed the role of the finite group cohomology in the boundary model. 
The aim of the present paper is to provide a geometric picture of the classification of the 
symmetric branes for the WZW models with non-simply connected targets by carefully 
setting up the Lagrangian approach to such models in the presence of boundaries. 

The characteristic feature of the WZW model in the Lagrangian formulation is the 
presence of the coupling to a topologically non-trivial Kalb-Ramond background 2-form 
field B on the target group. This field is defined locally, only with its exterior derivative 
H = dB, equal to the standard invariant 3-form on the group, making sense globally. 
As noted in [71], the fact that the 3-form H is not exact so that there is no global B 



field allows a consistent definition of the classical amplitudes in the bulk theory (i.e. on 
worldsheets without boundary) only if the periods of the 3-forni H are in 27rZ. This 
leads to the quantization of the the coupling constant of the WZW model that was 
analyzed in [71] for simply connected target groups and in [27] for non-simply connected 
ones. The careful Lagrangian formulation of the theory permitted a direct calculation of 
the quantum spectra of the bulk WZW models [42, 27]. 

An idea of how to define the bulk amplitudes for a general sigma model coupled to a 
closed 3- form H on the target with periods in 27rZ was proposed in [3]. This proposal 
was reformulated in terms of the 3'''^ degree Deligne cohomology in [36]. The recent 
years have brought a realization that such cohomology classifies geometric objects over 
the target manifolds called (Abelian) bundle gerbes with connection [56, 19, 44]^. The 
closed 3-form H provides the curvature form of the gerbe. In the presence of boundaries, 
the i?-field ambiguities lead to new phenomena and result in the quantization of possible 
D-brane boundary conditions first observed in [47] and [2] for the case of the WZW 
models with simply connected targets. The geometric language of gerbes appears quite 
useful in dealing with the intricacies of the open string amplitudes in the presence of 
topologically non-trivial i?-fields. In particular, the Lagrangian description of the Chan- 
Paton coupling of the ends of the open string to a non- Abelian Yang- Mills field on the 
D-brane leads in a natural way to the notion of gerbe modules, as first noted in ref. [46] 
inspired by [29], see also [17] (in [46] such modules were viewed as modules over the 
Azumaya algebras). The gerbe modules also appear in a definition [10] of the twisted K- 
theory groups containing the Ramond-Ramond charges of the supersymmetric D-branes 
[72, 54]. 

The construction of the bundle gerbes with curvature proportional to the invariant 
3-form over the SU{2) group may be traced back to [36] and predates the geometric 
definition of the notion. The bundle gerbes over SU{N) were constructed in [19] and, 
independently but later, in [39]. The extension of this construction to other simple, 
compact, simply connected groups required overcoming additional difficulties and was 
achieved in [53], see [15, 8] for a related work. The bundle gerbes over non-simply 
connected groups were described in [36] for the 5*0(3) group, in [39] for the groups 
covered by SU{N) and in [40] for all non-simply connected, simple, compact Lie groups. 
As is well known, see e.g. [49], pushing down a line bundle from manifold M to its 
quotient by free action of a finite group Z requires solving a cohomological equation 
6W = V that expresses a 2-cocycle V on group Z as a boundary, with the cohomology 
class of V representing the obstruction. Similar considerations for gerbes [68, 62] lead to 
a cohomological equation 5V = U in one degree higher, with the obstruction to pushing 
down a gerbe to the quotient space represented by the cohomology class of the 3-cycle U 
on Z. Calculating the 3-cocycles U and solving the equation 6V = U whenever possible 
for all quotients G' of simply connected, simple, compact groups G by subgroups Z of 
their center was the essence of the work done in [40]. We shall crucially depend in the 
present paper on those results. In [39], the gerbes over SU{N) and its quotients were 
used to classify the symmetric D-branes of the WZW models with these groups as the 
target. Such branes consisted of an integrable conjugacy class in the group equipped with 
additional geometric structure which included an Abelian gauge field on the conjugacy 



^see [43] and [14] for the categorial avatars of bundle gerbes 



class. Pushing down the hne bundle carrying the gauge field from a conjugacy class 
in SU{N) to a conjugacy class in the quotient group required solving a cohoniological 
equation 5W = y, as discussed above. 

Below, we shall extend the geometric classification of the symmetric D-branes to 
WZW models with target groups that are simple, compact but not necessarily simply 
connected. As in the SU{N) case, such branes are supported by integrable conjugacy 
classes. The general case will require to include in the additional structure a projectively 
fiat twisted non-Abelian gauge field on the conjugacy class. The adequate formulation 
is based on the notion of gerbe modules, also called twisted vector bundles [46, 51, 10]. 
More exactly, we shall classify, up to isomorphism, the possible gerbe modules over the 
integrable conjugacy classes C with the gerbe over C obtained from the gerbe over the 
group by restriction. For simply connected groups there is a unique 1-dimensional gerbe 
module corresponding to a symmetric brane over each integrable conjugacy class. All 
higher dimensional ones are its direct sums. The construction of the gerbe modules over 
integrable conjugacy classes C in the non-simply connected quotient groups G' = G/Z 
leads to a cohoniological equation dW = V expressing a 2-cocycle V on the fundamental 
group of the conjugacy class C as a boundary, similarly as for pushing to quotients 
usual line bundles. The cohomology class of V is the obstruction to the existence of a 
1-dimensional gerbe module over C giving rise to a symmetric brane. If the obstruction 
class is trivial then such 1-dimensional modules exist and different ones differ by tensor 
multiplication by fiat line bundles over C . Higher dimensional modules are then direct 
sums of 1-dimensional ones. If the obstruction class is non-trivial, there are still matrix- 
valued solutions of the equation dW = V and they give rise to higher dimensional gerbe 
modules over the conjugacy classes C that do not decompose into a direct sum of 1- 
dimensional ones. This mimics the situation for line bundles which may always be pushed 
down to vector bundles over regular discrete quotients. The matrix-valued solutions W 
give rise to symmetric branes carrying a projectively fiat twisted non-Abelian gauge 
field. Such a situation occurs for the conjugacy classes with fundamental group Z2XZ2 
in the SO{An)/'Ei2 groups. These are groups that admit two non-equivalent gerbes 
distinguished by discrete torsion [69, 68], as first realized in [27] where the ambiguity was 
identified as periodic vacua. For one of those gerbes, the possible gerbe modules leading to 
symmetric branes are direct sums of 2-dimensional modules that cannot be decomposed 
further. Similar spontaneous enhancement of the gauge symmetry has been previously 
observed at orbifold fixed points of the Calabi-Yau sigma models in [21, 24]. Within the 
algebraic approach based on simple current structure to non-diagonal boundary WZW 
and coset models, it was related in [31] to the presence of projective representations of 
the simple current symmetries. We recover such representations in the description of the 
2-dimensional gerbe modules corresponding to the D-branes in S0{An)/1j2. 

The geometric constructions, although based on classical considerations, lead through 
geometric quantization to simple expressions for the boundary partition functions and the 
boundary operator product coefficients in the quantum WZW models with non-simply 
connected target groups, as noted in [39]. Such expressions result from a realization 
of the open string states of the model with a non-simply connected target group G' = 
G/Z as the states of the model with the covering group G target that are invariant 
under an action of the fundamental group Z. The existence of such an action and the 
above picture become clear in the geometric realization of the states of the models, see 



Sect. 9.2 of [39]. Although they may be, and will be, formulated within a more standard 
algebraic approach, they employ the cohomological structures that appear naturally in 
the geometric classification of the branes discussed here showing the pertinence of the 
latter for the quantum theory. 

The paper is organized as follows. In Sect. 2, we present the notions of bundle gerbes 
and gerbe modules in a relatively pedestrian fashion, with stress on the local description. 
How those notions are employed to define the contributions to the action functional of 
the topologically non-trivial B field and the Chan-Paton coupling to the non-Abelian 
gauge fields on the branes in the presence of such a B field is the subject of Sect. 3. The 
next two sections are the most technical ones. In Sect. 4 we recall briefly the construction 
of the gerbes over Lie groups relevant for the treatment of the B field contributions in 
the WZW models. We discuss the case of simple compact groups, both simply connected 
[53] and non-simply connected [40]. The symmetric branes and their geometric classi- 
fication are studied in Sect. 5, first for the simply connected groups (in Sect. 5.1) and 
then for the non-simply connected ones (in Sect. 5.2). The latter discussion, culminating 
in considerations leading to the cohomological equation dW = V constitutes the main 
part of the present work. We have not found yet a more concise way to describe the 
solutions W for all cases with trivial cohomology class of V and have opted for tabu- 
lating the results in Appendix A where the complete list of symmetric branes carrying 
Abelian gauge fields is given. In Sect. 6, we discuss the special case of symmetric branes 
in S'0(4n)/Z2 that carry a twisted non-Abelian gauge field. Sect. 7 contains a discussion 
of the boundary space of states in the WZW models, of the boundary partition functions 
and the boundary operator product. It completes the discussion of Sects. 9 and 10 of 
[39]. Conclusions summarize the results of the paper and draw perspectives for the future 
research. Appendix B provides a direct check that the action of elements of the group 
center on the multiplicity spaces of the boundary theory with simply connected target is 
well defined and Appendix C shows how the general formulae of Sect. 7 permit to obtain 
the boundary partition functions and the boundary operator product coefficients for the 
WZW model with the SO{3) target. 

Acknowledgements. This work has stemmed from research conducted initially 
in collaboration with Nuno Reis. It was partially done in framework of the European 
contract EUCLID/HPRN-CT-2002-00325. 

2 Abelian bundle gerbes and gerbe modules 

2.1 Local data 

We start by a quick introduction to Abelian bundle gerbes and gerbe modules. It is 
simplest to specify such objects by local data. For the bundle gerbes, the local approach 
was developed long before the geometric approach of [56, 57], see [3, 36]. For bundle- 
gerbe modules [10], also called Azumaya algebra modules or twisted vector bundles, the 
local approach was discussed in [46], see also [51]. 

Let (Oi) be a good open covering of a manifold M (i.e. such that Oi and all 
non-empty intersections Oji...i„ = Oi^ n ••• n Oj„ are contractible) . We shall call a 
family {Bi,Aij,giji.) local data for an Abelian hermitian bundle gerbe with connection 



(in short, gerbe local data) if Bi are 2-forms on Oj, Aij = —Aji are 1-forms on Oij 
and gijk = 9a('i)a(j)a(k) ^^^ ^(1) valued functions on Oijk such that 



Bj - B, = dAij 

Ajk - Aik + Aij = i glj\,dgijk 


on Oij , 
on Oijk, 


(2.1,a) 
(2.1,b) 


9jkigiki9ijl9iji = 1 


on OijM- 


(2.1,c) 



The global closed 3-forni H equal to dBi on Oj is called the curvature of the cor- 
responding data. Local data with curvature H exist if and only if the 3-periods of 
H are in 27rZ. Writing gij^ = e^'^^f^ji' for real-valued functions fijk one obtains an 
integer-valued 3-cocycle 

nijki = fjki — fiki + fiji — fijk on Oijki 

that defines a cohomology class in H^{M,1j), called the Dixmier-Douady (DD) class 
of the gerbe local data. The image of the DD-class in H'^(M,W) coincides with the de 
Rham cohomology class of H. 

One says that two families {Bi, Aij, gijk) and (Bl,A[,,g'--i^) of gerbe local data are 
equivalent if 

B'i = Bi+ diTi , (2.2,a) 

A'ij = Aij + TTj - TTj - ixij^dxij , (2.2,b) 

9ijk = 9ijk Xik Xjk X^j" , (2.2,c) 

where ttj are 1-forms on Oj and Xij = Xji are [/(l)-valued functions on Oij. The 
DD-classes of equivalent local data coincide but one may have non-equivalent local data 
that correspond to the same DD-class. 

Given (Bi, Aij, gijk) as above, we shall call a family {Ili,Gij) local data for an A^- 
dimensional hermitian gerbe module with connection (in short: gerbe-module local 
data) if ITj are u(iV)-valued^ 1-forms on Oi and Gij are U{N)-valned maps on Oij 
such that 

Uj- Gij^U.G^j - iG-j^dGij+A,j =0 on O,^- , (2.3,a) 

GikGj^Glj^ gijk = 1 on Oijk- (2.3,b) 

Recall that local data of a hermitian vector bundle with connection satisfy similar rela- 
tions with Aij = and gijk = 1- Two families of gerbe-module local data (Hi, Gij) 
and (n^,G^) are said to be equivalent if 



U'i = Hr^UiHi + iH-^dHi, (2.4,a) 

Hj — ^i '-'ij -"i 



G',, = Hr^ G,j Hj (2.4,b) 



for f/(iV)-valued functions Hi on Oi. Given gerbe-module local data {Jii,Gij) relative 
to gerbe local data {Bi, Aij, gijk) and equivalent local gerbe data {B[,A'^:,g'-i^), the 
family (Hj — ttj, GijX^j ) provides a gerbe-module local data relative to {B[,A[,,g[-f.). 
We shall call such data induced from (Hj, Gij) by the equivalence of local gerbe data. 

^u{N) denotes the Lie algebra of hermitian N x N matrices 



Gerbe-module local data exist only if and only if the DD-class of the associated gerbe 
local data is pure torsion, i.e. if the curvature H is an exact form, a very stringent 
requirement. The only if part may be be easily deduced from (2.3) by taking its trace 
and exterior derivative to infer that Bi + j^tr Hi define a global form on M whose 
exterior derivative is equal to H. The if part may be inferred from the discussion in 
[10]. 

It is sometimes convenient to reduce the structure group of a gerbe module (as for the 
standard vector bundles) from U{N) to a compact group G assumed here to contain a 
distinguished central U{1) subgroup. This is done by requiring in the definitions above 
that IIj are g- valued forms, where g is the Lie algebra of G, and Gij and Hi are 
G-valued. One may then return to the previous situation by composition with an A'^- 
dimensional unitary representation U oi G acting as identity on the f/(l) subgroup of 
G. 

2.2 Geometric definitions 

One may construct geometric objects from local data {Bi,Aij,gijk). Let Y = \JOi be 

the disjoint union of Oi and vr be the natural map (m, i) >-^ m from Y to M. Local 
2-forms Bi define a global 2-form B on Y such that 

clB = TT*H. (2.5) 

Denote by yN the n-fold fiber product Yxm-'-XmY. Clearly, y W = U Oi^,„i„ 

(h,...,in) 

and we shall use the notation (m, ii, . . . ,i„) for its elements. Consider the trivial line 
bundle L = yl^J x C over yPl with the hermitian structure inherited from C. It may 
be equipped with a (unitary) connection with local connection forms equal to Aij on 
Oij . The curvature form F of this connection satisfies 

F = plB - p\B (2.6) 

where pi denote the projections in y'"' on the i factor. Finally, L may be equipped 
with a groupoid multiplication 

^(y,y') ^ ^(y',y") — ' ^{y,y") (2-7) 

defined by fi{{m,i,j;z),{m,j,k;z')) = {m,i,k; gijk{m)zz'). 

In general, G = (Y, B, L, /i) is called an Abelian hermitian bundle gerbe with con- 
nection over M (in short: a gerbe), with curvature H , if vr : y — > X is a surjective 
submersion, B is a 2-form on Y satisfying (2.5) called the gerbe's curving and L is 
a hermitian line bundle with connection over Y'-'^' satisfying (2.6) and equipped with 
a bilinear groupoid multiplication (2.7) preserving hermitian structure and parallel 
transport. In particular, the unity of the groupoid multiplication defines the canonical 
isomorphisms Lfy^y\ = C and Lfyi^y\ = L*, ,-.. See [56] for a more formal definition. 
The most trivial example of a gerbe is the unit gerbe (M, 0, M x C, • ) with vanishing 
curvature and with the groupoid structure in the trivial line bundle L over M'-'^' = M 
determined by the product in C 



Bi = a*B , ^ 




<j(Vsy) = lAijSijoaij, 




/U o {sij o aij Sjk o ajk) = 


9ijk Sik o aik 



As we have seen, there is a gerbe corresponding to each family of local data. Con- 
versely, given a gerbe Q, one may associate to it (non-canonically) a family of local 
data. In order to do this, one chooses local maps ai : Oi ^ Y such that vr o cjj = id 
and local sections Sij : crij{Oij) -^ L, where aij{m) = (ai{m),aj{m)), such that 
Sji o aji = {sij o aij)~^. Then the relations 

(2.8,a) 
(2.8,b) 
(2.8,c) 

determine gerbe local data {Bi,Aij,gijk) with curvature H. Different choices of o"j and 
Sij lead to equivalent local data. We shall call the DD-class associated to such local data 
the DD-class of the gerbe. 

Similarly, one may associate a geometric object to gerbe- module local data (IIj, Gij) 
corresponding to gerbe local data {Bi,Aij,gijk). Again with Y = UOj, one considers 

i 

the A^-dimensional hermitian vector bundle E = UOi x C over Y equipped with a 

i 

(unitary) connection given over Oi by the local connection 1-forms IIj. Let 

p: L(^pIE — > p\E 

be the isomorphism of the vector bundles over yl^l such that p{{m,i,j;z)'S){m,j;v)) = 
{m,i;Gij{m)v). Isomorphism p is associative w.r.t. the groupoid multiplication p: 

po [p^id) = po (id® p) . (2.9) 

More generally, given a gerbe Q = (Y, B,L, p), a pair {E,p) = 8 is called an A^- 
dimensional hermitian ^-module with connection (in short: a ^-module) if E is an 
A^-dimensional vector bundle with (unitary) connection over Y and p is a vector bundle 
isomorphism as above, preserving hermitian structure and connection and satisfying 
(2.9). Two ^-modules iE,p) and {E',p') are called isomorphic if there exists an 
isomorphism l : E ^> E' of hermitian vector bundles with connection such that 

p[iop = p o {id (^ p^i) . 

The unit-gerbe modules coincide with hermitian vector bundles with connection over M. 

As we have seen, there is a ^-module associated to a family (IIj, Gij) of gerbe-module 
local data corresponding to gerbe local data {Bi,Aij,gijk), where gerbe Q is constructed 
from the latter. Conversely, given a gerbe Q and a ^-module £ = (E, p) , upon a choice 
of sections ai and Sij for the former and of orthonormal bases (e") of sections of E 
over ai{Oi), the relations 

a*iVet = yn^®e^ (2.10,a) 

p o (sij o aij (g) e'^ o aj) = G\'^ e\ o ai (2.10,b) 

define local gerbe-module data (IIj , Gij ) . Isomorphic ^/-modules give rise to equivalent 
local data and conversely. 



To reduce the structure group from U{N) to a compact group G containing a central 
C/(l) subgroup, we may consider pairs {P,Pp) where P is a principal G-bundle with 
connection over Y and 

Pp : SLXymplP — > p\P 

is an isomorphism of principal G-bundles with connection over y^J, with SL denoting 
the circle subbundle of L. We assume that over Y^^\ 

pp o (ju X id) = Pp o (id X pp) . 

This implies that for each y G y, there is an action of ^(1) — SLty^y\ on Py and we 
shall require that it coincide with the restriction to U{1) of the action of G on Py. 
We shall call such pairs {P,Pp) twisted G-bundles. Given an iV-dimensional unitary 
representation U of G acting as identity on the U{1) subgroup, the pair {E,p), where 
E = P xq C^ is the associated vector bundle and p is naturally induced by pp , forms 
a ^-module associated to {P,pp). We shall demand that the isomorphisms l of the 
associated (/-modules be induced from the isomorphisms of the principal bundles that 
intertwine the maps Pp. As for usual bundles, each A^-dimensional gerbe module may 
be viewed as associated to its orthogonal frame bundle which is a twisted U{N)-hundle. 

There are natural operations on gerbes and gerbe modules. One defines the dual 
gerbe Q* = (Y,—B,L*,{iJ,*)^^) with curvature —H and the tensor product of two 

gerbes 

g®g' = iYxMY', p*B + p'*B', {p^^^yi (p'^^^yl', p p') 

with curvature H + H' where p, p' stand for the projections of Y Xm Y' onto Y 
and Y' , respectively. Note that the tensor product of Q with the unit gerbe may be 
naturally identified with Q. For / : iV — > M , f*Q will denote the pullback gerbe 
(with curvature f*H) and for N C M, Q\n the restriction of ^ to A^ (the pullback 
by the embedding map). Similarly, for a ^-module £ = {E,p), one may define a 
dual ^*-module £* = {E*,(p*)~^) as well as the pullbacks and the restrictions of £. 
If £' = {E',p') is another ^/-module then one may form the direct sum ^/-module 
£• £■' = {E®E',pO p'). Moreover, if £' = {E',p') is a ^'-module, then £ (g> £' = 
{p*E ® p'* E' , p® p') is a (C/ (g) (/')-module, the tensor product of £ and £' . If there 
exists a 1-dimensional ^-module £i then any ^/-module is isomorphic to a tensor product 
of £1 by a unit-gerbe module (i.e. by a vector bundle over M). We shall often use this 
property below. 

Given two gerbes Q, Q' over M, a 1-dimensional (^ (8) ^'*)-module N = {N,v) 
such that the curvature of the connection of A^ is equal to the 2-form p'* B' — p*B on 
Y XmY' is called a stable isomorphism between Q and Q' and the gerbes for which 
such a module exists are said to be stably isomorphic [57]. Given a stable isomorphism 
between Q and G' , any G' module {E',p') induces in a natural way a ^-module {E,p) 
where Ey = A"(yy/) (^ Eyi for {y,y') G Y XmY' (the latter spaces are identified for 
different y' with the use of the G ^ Q'* module structure on TV). One may this way 
compare gerbe modules over stably isomorphic gerbes. In particular, two gerbe modules 
induced by the same stable isomorphism are themselves isomorphic if and only if the 
original gerbe modules are. 
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Gerbes over M with curvature H exist if and only if the periods of H are in 27rZ. 
Two gerbes are stably isomorphic if and only if their local data are equivalent. For H = 0, 
the set of stable isomorphism classes forms a group under tensor product that may be 
identified with the cohomology group H'^{M, U{1)) by considering gerbes corresponding 
to local data (0,0, Ujjfc), where Uijk is a C/(l)-valued Cech 2-cocycle. Two stable iso- 
morphism classes of gerbes with the same curvature differ by tensor multiplication by a 
class of zero curvature, i.e. by an element of H'^(M, U{1)). 

^-modules exist if and only if the DD-class of Q is torsion i.e. if the curvature H of 
G is exact. Two t?- modules are isomorphic if and only if their local data associated to 
the same local data of Q are equivalent. 

3 Wess-Zumino action functional 

Let S denote a 2-dimensional compact oriented surface and let M be a manifold. In 
2d sigma models, S plays the role of a 2d spacetime or the string worldsheet and M 
that of the target space, with classical fields (p mapping S to M. In such models that 
appear in conformal field theory or in string theory, for example in the celebrated WZW 
model [71], one would like to consider the Wess-Zumino type contributions to the action 
functional of fields (p that may symbolically be written as 

Swz{ct>) = [ct>*d-^H (3.1) 



where H is a closed 3-form on M. The problem with such topological^ Wess-Zumino 
terms of the action is that the (Kalb-Ramond) 2- form B = dT^H such that dB = H 
does not exist globally if H is not exact and even if it is, B is not unique. This is at 
this place that the gerbes and bundle gerbes show their utility [36, 46]. 

3.1 Closed string amplitudes 

Let ^ be a gerbe with curvature H. Then (j)*Q is a gerbe over S (with curvature 
vanishing for dimensional reasons) and its stable equivalence class defines a cohomology 
class in ff^(S, C/(l)). For S without boundary (such surfaces describe bulk 2d space- 
time geometry or closed string worldsheets) , -ff^(S,C/(l)) = U{1) and one may define 
the closed string amplitude A{(t)) = e^^'^ziv) g^ equal to (jfQ viewed as an element of 
[/(I) in a direct generalization of the notion of holonomy in line bundles [36], see also 
[60]. The amplitude defined this way depends only on the stable isomorphism class of 
Q. Given local data {Bi^Aij^gijjf) and a sufficiently fine triangulation of S with each 
triangle c contained in some subset 0,^ , one has [3, 36] 

A[<P) = e^p[iJ2 frB,^ + iJ2 f<p*A^,^] n 9^.^,^AHv)), (3-2) 

c c ^Cc'^ vebCc 

where edges b and vertices v of the triangulation are contained in Oi^ and Oj^ , 
respectively. In the product over vertices on the right hand side, the convention is 
assumed that inverts the entry if the orientation of v inherited from c via b is negative 



I.e. independent of the metric on E 
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(i.e. if b is oriented from v to another vertex). This formula makes exphcit the cor- 
rections needed to add to the sum of local contribution / 'p*Bi^ to the action for closed 

c 

surfaces S. 

3.2 Open string amplitudes: coupling to the Yang-Mills field 

Surfaces with boundary describe 2d space-time geometry with boundaries or open-string 
worldsheets (with closed strings propagating in the handles). Suppose that dT, = L\£^ 
where i^ are the boundary loops that we shall, for convenience, parametrize by the 
standard circle S^. Applying the same formula (3.2) to define the amplitude A{(l)) as in 
the closed string case, one observes that now the right hand side changes upon a change 
of the triangulation and the assignments ib and i^ on the boundary. These changes 
may be summarized by saying that 



giSw^W (z ^c 



k" 



where C is a hermitian line bundle with connection over the loop space LM determined 
canonically by the local data {Bi,Aij,gijk) of gerbe G [36]. In order to obtain number- 
valued open-string amplitudes, one may couple the ends of the open string to the (twisted) 
Yang- Mills field represented by a ^/-module £ with local data (IIj , Gij ) . The coupling 
is done by multiplying the amplitude e''^wzW ^y h^q traces of the appropriately defined 
holonomy of the boundary loops, see [46, 51, 17]. More precisely, define for a (pointed) 
loop if : S^ ^ M its holonomy by 

Hiv) = VllG^.^Mv)) exp y f^*U,^] (3.3) 

veb i 

for a sufficiently fine triangulation (split) of S^ by intervals b with vertices v such 
that ip{b) C Oi^ and ip{v) € Oi„. The operator V orders the terms and the exponetial 
path- wise (i.e. in agreement with the standard orientation of S^) from right to left, 
starting from the vertex 1. Again, the matrix Gj„i(, should be inverted if v has negative 
orientation. Below, we shall use the same expression to define the parallel transport 
along open lines. For loops, let W(</>) = trTC^cp) be the corresponding Wilson loop 
"observable". Note that VV((/3) does not change if we use in its definition local data 
(nj, G'^j) equivalent to (IIj, Gij). A straightforward check shows that under the change 
of the triangulation and its indexing, W{(p) transforms as an elements of C'^. It follows 
that 

^(^) = e'^^^'l'^ Y[Wi<P\es) , (3.4) 

s 

is independent of the choice of the indexed triangulation of S, provided that in the 
definition of W{(p\is) one uses the indexed triangulations of the boundary loops induced 
from the indexed triangulation of S. The amplitude A{(j)) depends only on the stable 
isomorphism class of Q and does not change if we use equivalent or induced local data for 
£. If £ is an associated gerbe module, then the holonomy Tl may be viewed as taking 
values in group G. We shall use then the notation W^ for the Wilson loop obtained by 
taking the trace of Tl in representation U of G. 
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3.3 Branes and general open string amplitudes 

In the above definition of A{(j)) one may use holonomies with respect to different Q- 
modules for different boundary components. As we have seen above, existence of Q- 
modules puts a strong restriction on gerbe G requiring that its curvature be an exact 
form. Even if not satisfied globally, such a property might hold for the restriction of G 
to a submanifold of M. We shall call a pair V = (D,£), where D is a submanifold 
of M and £ is an A^-dimensional ^|/)-modules, a G-hrane (supported by D, of rank 
N). Two t/-branes will be called isomorphic if they have the same support D and if 
the corresponding ^l/j-modules are isomorphic. One may apply the above construction 
of amplitude A{(j)) if for each boundary component of S we are given a ^-brane V^ 
with support D^, provided that we impose on maps the boundary conditions 



C D' 



(3.5) 



We shall need to define amplitudes A{4') in a still more general situations [37, 39]. 
Let if : [0,7r] ^ M be an open line extending between submanifolds D^ and D^, 
i.e. such that 



<f{0) G D° , (^(vr) G D 



We shall denote by IMj^o the space of such lines. Given A'^s-dimensional C/j^js -modules 

Til 

iS*, s = 0, 1, one may naturally define a hermitian vector bundle with connection f^o 
over IMjjo with typical fiber C'^'' C^i . This is done in a way that is a straightforward 
generalization of the construction from [39] where the case of 1-dimensional modules has 
been treated, see Sects. 7 and 11.2 therein. Suppose now that the map (p : T, ^ M 
satisfies the boundary conditions (3.5) for i^ being closed disjoint sub-intervals of the 
boundary loops of S, see Fig. 1. 




Fig. 1 



Then 



A{(P) = e'Swz(4-) {j^W{<i)\is^(^{v ®"n{ 



1<?^ 
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G ((^C<PU^)^(V^ (£Es-U^s_sA, (3.6) 

where the product Yl is over i^ that cover entirely a boundary component and the tensor 
product (8)" over the proper sub-intervals of boundary components, with the parallel 
transport Tl given by the same formula (3.3) as for closed loops. In the second line, ^™ 
run through the boundary loops without labeled sub-intervals and pairs (s_,s+) label 
subsequent pairs of proper sub-intervals of the boundary loops separated by unlabeled 
intervals i^^^+ . This is the higher rank version of the relation (7.11) of [39]. 

3.4 Purely classical approach 

In the last incarnation, the topological amplitudes A{(j)) , multiplied by the more stan- 
dard non-top ological^ contributions, enter the functional integral expressions for general 
quantum amplitudes of the boundary two-dimensional field theory with the Wess-Zumino 
term (3.1) in the action. By themselves, they are, however, objects belonging to a mixed 
classical-quantum realm, the parallel transport or holonomy Tl being operator-valued, 
i.e. a quantum-mechanical concept. One may go back one step and obtain A{(j)) from 
entirely classical amplitudes. This discussion is somewhat parenthetical with respect to 
the main discourse of the paper and may be safely omitted by going directly to Sect. 4. 

Let us first recall that the standard holonomy in the principal G-bundle P over M 
may be obtained by quantizing a mechanical system with the action Sp given by the 
connection form. More exactly, let 99 be a loop in M and t 1— > $(t) its lift to a loop in 
P. In a local trivialization where P = O x G, <I>(t) = {(p{t),j{t)) and 



Sp{^) = ftTX[iT'dj + j-\ip*A)j), 



where A is the local connection form with values in the Lie algebra g of G. Above, 
tr denotes a bilinear ad-invariant form on g and A is a highest weight in the Cartan 
subalgebra t C g defining a unitary representation U\ of G. Note that the expression 
for the action is invariant under the local gauge transformations 

7 1-^ {ip*hy^j, A h^ h^'^Ah + ih^'^dh 

induced by a change of trivialization of P so that the action is globally defined. The 
Wilson loop Wy {(f) in representation Ux may be expressed as a path integral (that 
may be given a precise sense with the help of a Feynman-Kac type formula) over the lifts 



^uM = /e'^-(*) i)^a> 



where, locally, the measure D^^ = D^. 

The same approach may be generalized to the case of Wilson loops in gerbe modules. 
Let £^ be a ^/-module associated to a twisted G-bundle (P, Pp). Observe that P/U{1) 
descends to a G'-bundle P' over M for G' = G/U{1). Let if be a loop in M and <!>' its 
lift to a loop in P' . Choose local data {IIi,Gij) for £. They provide local trivializations 

''i.e. depending on the metric of E 
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P'Iq. = Oj X G'. For a triangulation of 5"*^ by intervals b with common vertices v such 
that ip{b) C Oi^ and ip{v) G Oj^ , choose maps jb '■ b i-^ G such that ((/jj^, 75^/(1)) 
represent ^'\b in the local trivialization of P'\oi ■ Then for two subsequent intervals 
6_ , 5+ with common vertex v , 

7b+iv) u^ = Gi^^ijifiv)) Gi^i^_iip{v)) -fb_iv) 

for some n„ G ^(1)- Define 

e'^-(*') = exp[zJ2 [tr\{i%'djb+ 7bHv*^^,)7b)]Yl 
I. '^ 11 






for the highest weight A satisfying tr A j^ e'* = 1. It is easy to check that the above 
expression is independent of the choice of 7fe. On the other hand, under the change of 
indexed triangulations, it behaves as an element in C'Z,^ . As for the untwisted case, the 
path integral of e^^*^^ over the lifts $' reproduces the Wilson loop W^ {f). 

Let now (p -.Ti ^ M and (P*, Pp^) be twisted G'^-bundles. Then the purely classical 
amplitude 

s 

where ^'^ are lifts to P'^ of the boundary loops 0|^s , is unambiguously determined. If 
the twisted bundles (P^ , Pp,) are defined only over submanifold D'^ C M, one should 
impose the boundary conditions (3.5) on the map (f>. The path integral over the lifts ^'^ 
of the classical amplitudes Aci{(j),{^'^)) reproduces the mixed amplitudes (3.4). It is 
not difficult to generate similar path-integral representations also for the general mixed 
amplitudes (3.6). Unlike the mixed formalism, the purely classical one lends itself to 
canonical quantization. This is the main reason why it is useful to consider it. 

4 WZW models and gerbes over compact groups 

In the WZW models of conformal field theory [71], the classical (Euclidean) fields (j) 
map 2-dimensional Riemann surfaces into the manifold of a Lie group G that we shall 
assume here to be connected, compact and simple. The action functional is taken to be 

S(^) = i I tri^-' dcP){cp-'dcP) + l^*d-'H 
E S 

where the closed 3-form H on G entering the Wess-Zumino term of the action is given 
by 

H = ±-t,{g-Ugf. (4.1) 

The bilinear form tr on the Lie algebra g will be normalized so that for simply connected 
groups G the 3-form H has periods in 27rZ if and only if k (called the level of the 
model) is an integer. As discussed in the previous section, in order to fully define the 
amplitudes e''^^'^-' for closed surfaces S we shall need a ger be Q\^ over G with curvature 
3-form H. 
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4.1 Gerbes over simply connected groups 

If G is a (connected, compact, simple) simply connected group, a gerbe over G with 
curvature H given by (4.1) exists if and only if k is an integer and it is unique up to 
stable isomorphisms since H'^{G,U{1)) = {1}. Clearly one may take Qy = Q^ . The 
basic gerbe Qi over simply connected groups G has been constructed in [53]. We shall 
describe gerbes Q\^ (dropping below the subscript k) borrowing on the discussion in 
Sect. 2 of [40] and employing similar notations. 

Let A^ denote the positive Weyl alcove in the Cartan subalgebra t of the Lie 
algebra g of G that will be identified with its dual g* using the bilinear form defined 
by tr. The normalization of tr renders the length squared of the long roots equal to 2. 
A^ is a simplex with vertices Tj, i ^ R = {0, 1, . . . ,r}, where r is the rank of g. In 
particular, tq = and Tj = wAj for i 7^ with Aj the simple weights and /c^ the dual 

i 

Kac labels. For i ^ R, let 

Ai = {T e A^ \t = ^SjTj with Si > 0}, Oi = {/ie^'''^/i~^ \ h e G, t e At} 
3 

and, for I C R, Ai = O Ai and Oj = D Oi. Subsets Oi of G are open and Oi are 

composed of elements /le^'^'^/i"^ with h^G and r G Ai- The expressions 

Bi = ^tT{h-^dh)e^'''^{h-^dh)e^^^'^ + Iktrir - Ti){h-^dhf 

define (smooth) 2-forms on 0^ such that dBi = H\oi- An important role is played by 
the subgroups 

Gi = {heG \ he^'^'^h"^ = e^^'^ for r G ^/ \ U A I 

10 

and the (smooth) maps 

Oi 3 g = /le^^'^/i^i ^ hGi G G/Gi 

well defined because the adjoint action stabilizers of e^'^'^ for r G Ai are contained in 
Gi. One introduces the principal G/-bundles vr/ : P/ — > 0/ 

Pi = {{g,h)(^OixG\pi{g)=hGi}. 

For the gerbes Q = (y, S, L, /i) , one sets 

Y = lA Pi 
ieR 

with IT :Y ^ G restricting to ttj on Pj and the 2- form B restricting to nlBi. Let 
^ii-.in = Pi "x Gij X • • • X Gj„ and ^i..i„ = j^i..j„/G7 

for I = {ii, . . . ,in} and G/ acting on Yi^i^ diagonally by the right multiplication. The 
fiber power yl"! of Y may be identified with the disjoint union of lij..i„ by assigning 
to the Gz-orbit of ((51, /i), 71, ..,7„) the n-tuple (yi,..,y„) G y'"] with Vm = (g^hj^^) : 

yN ^ u Yi, i . 
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The construction of the hne bundle L over y'^' uses more detailed properties of 
the stabilizer groups Gj. For I C J C R, Gi D Gj and the smallest of those groups, 
Gr, coincides with the Cartan subgroup T of G. Groups G/ are connected but not 
necessarily simply connected. Let g/ D t denote the Lie algebra of Gj and let ej be 
the exponential map from ig/ to the universal cover Gj. One has 



Gi = Gi/Zi for Zi 



2tt\Q 



where Q C t is the coroot lattice of g. Let Xi • -^i ~^ U{1) be the character defined 
by 

Xiie^^^'") = e2- *'■-''' (4.2) 

for g G Q ^^^ Xij '■ Gij ^ U{1) be the 1-dimensional representation of Gij given by 
the formula 

Xij{l) = exp \l / aij\ (4.3) 



where aij = itr(rj — Ti){'^~^d'^) is a closed 1-form on Gij. Let Lij denote the line 
bundle over Yij with the fiber over ((5, /i),7, 7') composed of the equivalence classes 
[7,7',u]ij with respect to the relation 



(7,7',n) ~ (7C,7'C',X.(C)'X,(C')~'«) 



for 7 G Gj, 7' G Gj projecting to 7 G Gj and 7' G Gj, respectively, and w G C, 
C G 2j, Q' ^ Zj. We shall twist the flat structure of Lij by the connection form 
Aij = iktr (tj — Ti){h~^dh). The right action of Gij on Yij lifts to the action on Lij 
defined by 

{{9,h), ^,^\u]ij) I — > {{g,hj"), [77",J7",Xij{l"y^u]ij) 

for 7" G Gij and 7" its lift to Gjj (the right hand side is independent on the choice of 
the latter). The hermitian structure and the connection of Lij descend to the quotient 
bundle Lij /Gij = Lij over Ijj and the line bundle L over Y'-'^' for the gerbe Q is taken 
as equal to Lij when restricted to Yij. Note that the curvature of Lij is equal to the 
lift to Yij of the 2-form Bj — Bi on Ojj , as required. In general, unlike for the SU{N) 
groups, there is no line bundle over Gij with such curvature, hence the need of a more 
complicated construction of the gerbe [53] . 

The groupoid multiplication ^ oi Q is defined as follows. Let {{g,h),^,^' ,j") ^Yijk 
represent {y,y',y") G y™ with y = {g,h'j^'^), y' = {g,h'j'~ ) and y" = {g,h'j"~ ) and 
let 

?ij = [l,l',u\ij, ^jk = W,7",u']jk, Tik = [^,^",uu']ij 
induce the elements £ij G L^^y^y/-^, ijk G L(^y/^y//^ and iik G L(^y^yiiy Then 

l^y^iJT^jk) — ^ik ■ 

This ends the description of Meinrenken's gerbes Q = {Y,B,L,fi) over the simply con- 
nected group G. 
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4.2 Gerbes over non-simply connected groups 

Let G' = G/Z , with Z a subgroup of the center of G, be a non-simply connected 
quotient of a simply connected group G. As mentioned in Introduction, to push down 
the gerbes Q from G to G' one has to solve a cohomological equation. Let us start by 
identifying simple cohomological objects related to the pair {G,Z). 

Choose for each z E Z an element Wz (z G that normalizes the Cartan subgroup 
T d G such that for r G A^ , 

ze'^^'^ = w-^e'^^'"^Wz (4.4) 

for some zt G A.y^,. For z = 1 we shall take Wz = 1- The map 

r I > ZT = WzTW~^ + TzO 

is an affine transformation of Ay^^ that permutes the vertices: ZTi = Tzi- Let bz,z' G t 
be such that 

WzWz'w;^] = Cz,z' = e^"'^-.^'. (4.5) 

We shall take bz,i = = bi^z'- The Cartan subgroup valued chain c = [cz^z') is a 
2-cocycle on group Z : 

iSc)z,z'z" = {■WzCz',z"Wz^)c^z',z"^z,z'z"C'~^' = 1, 

see Appendix A of [39] for a brief summary on finite group cohomology. 

The 3- form H descends to a 3- form H' on G' . For (integer) k for which H' has 
periods in 27rZ there exist a gerbe G' = {Y' ,B' ,L' , n') over G' with curvature H' . To 
describe its explicit construction, we shall follow [40]. One takes Y' = Y = UPj with 
the natural projection tt' on G' and B' = B. For y = (g, h) G Pi let zy denote 
the element {zg,hwj^) G Pzi ■ The fiber product space y''"^ is composed of n-tuples 
{y, y', . . . , y^""^)) such that for some z, z' , . . . , z^"^^) G Z 

(y,zy',-,z(z'(--(z("-2)y("-i))--))) S Y ^ . 
One may then identify 

y/N ^ y y[n] ^ ^J U Yi, i . 

{z,z',-,z("-^y)eZ"-^ (z,z',--,z("-2))eZ"-i (n,.-,«n) 

Let L' be the line bundle over Y'^ ' that restricts to L on each component Y'-'^' in 
the above identification, i.e. to Lij on l^j C 1"^^'. It remains to describe the groupoid 
multiplication n' . 

Let iy,y',y") G Y'^^^ be such that {y,zy',z{z'y")) G yl^l. Identifying the triple 
{y,zy',z{z'y")) with the Gjjfc-orbit of {{g,h),'y,'j' ,-f") G Yijk for some (i,j,/c) and 
employing the notations iz = z~^i, 7^ = w~^'ywz G Gi^ for 'y G Gi, we have 

2/ = (5,/i7"^), ^y' = i9,hj'-'), ziz'y") = {g,hy"~'), (4.6) 
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V = (^ ^9,hwzji ), / = {{zz') ^g,hwzWz'{j'^)/), (4.7) 

z'y" = {z-^g,hwzjT ), {zz')y" = {g,h{c~l,-/")''^). (4.8) 

Recalling the explicit description of the line bundles Lij as quotients of bundles Lij , 
consider the equivalence classes 

^ij = [l,l',u]ij, Ij^k, = [%,lz,u']j,k,, iik = [l,c~l,Y,uu']ik, (4.9) 

with J G Gi projecting to 7 G Gj and 7^ = w^^jWz € Gi^ etc. and with Cz^z' = 
ej ^'^ G G/. The above classes determine the elements 

£ij G -^(j,,zj/') = -^(j,,j/') 5 -^j^fc^ e -^(j/',z'j/") = L(y',y") ; -^ifc ^ -^(y,(zz')j,") = -^(j,,y") (4-10) 

The groupoid multiplication ^' in L' is then defined by specifying the product of iij 
and ij^k^ via the relation [40] 

^^'{^iv ^3.k.) = e2-''*'-"'='->^' Vz,z' Uk , (4.11) 

where V = {Vz^z') solves the cohomological equation 

6V = U. (4.12) 

ExpHcitly, {5V)z,z',z" = Vz',z" Vz1']z" '^z,z'z" V~J and U = {Uz,z',z") is a 3-cocycle on Z 
with values in U{1) defined by^ 



Uzz'z" = e-^^'^^'^o.V.." 



with To, = T^-lQ = z Vq. 



The cohomology class [U] £ H^{Z^ f^(l)) of U does not depend on the ambiguity in 
the choice of Wz nor of hz^z'- The changes 

Wz ^ e^'"'""'Wz, bz,z' ^ bz,z' + Wzttz'-w'^ - azz' + az + qz,z' (4.13) 

with ttz (z t and q^^z' G Q induces the transformation 

U I — > {6V') U for V^,, = e^ 

The cohomological equation (4.12) has a solution only for k for which the cohomology 
class [U] is trivial. The resulting set of levels k coincides with the one for which 
the periods of the 3-form H' are in 27rZ [27, 40]. For all cases except when G' = 
SpiniAn) /{Z2XZ2) = SO{An)/Z2 for n = 2,3, ..., we have H^{Z,U{1)) = {1} and any 
two solutions V differ by a coboundary 5W with {5W)z^z' = Wz'W~^,Wz and lead to 
stably isomorphic gerbes. In the exceptional case, [U] is trivial if k G Z for n even 
and k G 2Z for n odd. In this case ii^^(Z2 XZ2, C/(l)) — Z2 and there are two classes 
of non-equivalent solutions of Eq. (4.12) with all the solutions within one class differing 
by coboundaries 5W. Such solutions lead to gerbes that fall into two different stable- 
isomorphism classes. In all cases one may choose Vz^z' so that Vz^i = 1 = V\^z' which, 
in particular, assures that on L'\y{2\ = L the groupoid product ^' coincides with ^. 

^To obtain more concise expressions, we have multiplied the 3-cocycle U with U given by Eqs. (3.29) 
or (3.30) in [40] by the coboundary 5V' with V,',, = e-2"''^*'^""'o''-.-' 
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5 Symmetric branes in the WZW models 

In the open-string version of the WZW model, one may restrict the string ends to move 
on branes D in G and couple them to Yang-Mills fields on D. This is done using 
the concept of ^-branes as discussed in Sect. 3.2. One would like, however, to assure 
that the boundary version of the theory still possesses rich symmetry. The fundamental 
symmetry of the bulk WZW model is provided by two chiral copies of the current algebra 
g associated to the Lie algebra g of G. The simplest family of branes (called symmetric) 
assures that the diagonal current algebra is not broken in the presence of boundaries. 
Such requirement restricts the brane supports D d G to coincide with a conjugacy class 
in G [2] and imposes further conditions on the ^-branes supported by D that we shall 
describe now. For simply connected G, the conjugacy classes may be labeled by the 
elements r of the Weyl alcove Ay^, with 

C^ = {he^^'^h-^ \h£G}. 

being the class corresponding to r. When restricted to Cr, the 3-form H becomes 
exact. In particular, H\c^ = dQr where 

is a (smooth) 2-form on Cr- Let Q = {Y,B,L,fi) be a gerbe over G with curvature H 
as described above. Recall that a C/-brane V supported by D is a pair {D,£) where £ 
is a t/|£)-module. Such module determines, in turn, a vector bundle E with connection 
over Yd = 7r~^{D) for vr denoting the projection from Y to G. With D = 0^, the 
additional restriction, imposed by the conservation of the diagonal current algebra, fixes 
the curvature of bundle E to be the scalar 2-form 

F = TT*Qr - B\y^. (5.1) 

Note that this restricts very strongly the (twisted) Yang-Mills fields to which the ends 
of the string may be coupled without breaking the diagonal current-algebra symmetry. 

The conjugacy classes in a non-simp ly connected group G' = G/Z may in turn be 
labelled by the Z-orbits [r] in the Weyl alcove A^ with 

C[^] = Ct-Z 

for any r G [r] . Let Zt^] C Z denotes the stabilizer subgroup of any r € [r] . Note that 
Ztr] is composed of z G Z such that zCr = Cr- It follows that 

C[r] - Cr/Z[r] 

for r G [t]. In particular, Zir] is the fundamental group of Cr i since the conjugacy 
classes Cr are simply connected. The 2-forms Qr project to a unique 2-form Qj , on 
Cf 1. If Q' = (¥' , B' , L' , fi') is a gerbe over G' as described above then the symmetric 
^'-branes supported by D' = Ci^ are restricted by fixing the curvature of the vector 
bundle E' over Y^, = vr'" i^\r]) ^° ^^ 

F' = 7r'*QJ,] - B'\y^^ . (5.2) 
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The main aim of this paper is to classify such symmetric Q- and ^'-branes up to 
isomorphism. For rank 1 Q-{or ^'-)branes, the curvature restriction may be reformulated 
by stating that the branes provide a stable isomorphism between the gerbes Q\d and 
/C = {D,Qr,D X C, •), or between ^'1^,/ and /C' = {D',Q[^^,D' x C, •), and the 
notion of a rank 1 symmetric G- or t^'-branes is equivalent to the one introduced in [39] 
and studied there in detail for groups SU{N) and their non-simply connected quotients. 
Admitting rank N branes does not change much in the latter story, as we shall see below, 
but is necessary if we want to account properly for the conformal boundary conditions 
of general WZW models. 

5.1 Symmetric branes for simply connected groups 

Let D = Cr be the conjugacy class in the simply connected group G and Yd be defined 
as above. Clearly 

Yd = UPilc^ (5.3) 

where Pilc^ is non-empty if and only if r G Ai- Let Gr denote the adjoint- action 
isotropy subgroup of e^'^''^ so that Cr — G/Gr- Gr is connected and T C Gr C Gi if 
T & Ai {Gr is is one of groups G/ with I B i). We shall denote by g,- the Lie algebra 
of Gr- The space 

P^ = {{g,h) eCrXG \g = /le^^'^ h'^ } 

equipped with the projection on the first factor and the right action of Gr on the second 
factor becomes a principal Gr-bundle over Cr- Of course, Pr — G- Note that if r G ^j 
then Pr C Pi\cr- Besides, we may identify 

P,\C^ ^ Yir = Yir/Gr for %r = Pr X G, (5.4) 

assigning to the orbit of ({g,h),j) G Yir under the right diagonal action of Gr the 
element {g,h^~^) G Pi- 
Let us start by describing the rank 1 symmetric ^-branes {Cr,£i) supported by the 
conjugacy classes Cr such that kr = A is a weight. Weights A = kr for r G A^^, 
are often called integrable [45] (at level k) and we shall also call the corresponding 
conjugacy classes integrable. The construction of the line bundle E over Yd such 
that £i = {E,p) will resemble that of the line bundle L in Sect. 4.1. Let Gr denote 

the universal covering group of Gr = Gr/Zr where Zr = e^'^''^ for e^- standing for 
the exponential map from ig,- to Gr- Consider the 1-form air = itr (r — Ti){'^~^d'y) on 
Gr- It is easy to see that the adjoint action of Gr preserves t — Ti- As a result, a^r is 
a closed form. By the formula 



Xiril) = exp 



- / a,: 



it defines a 1-dimensional representation Xir '- Gr — ^ U{\), compare (4.3). The embed- 
ding g^ C gj induces the canonical homomorphism Gr -^ Gi that maps Zr to Zi 
sending Cr = 4'^'"^ G Zr to Q = eY"' G Zi for q e Q\ Note that 

X*r(7Cr)' = X.r(7)'x.(C.)-'e2-^t-^ 
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and the last factor drops out if kr is a weight. 

Let Li denote the flat line bundle over d with the fiber over 7 composed of the 
equivalence classes [7, u]i with respect to the equivalence relation 

(7,1;) ~ ilCXiiO v) (5.5) 

for ^ £ Gi projecting to 7, ( G Zi and v £ C, see (4.2). We shall denote by Lir the 
pullback of Li to Yi^ = P^ x Gi with the flat structure twisted by the connection form 
AiT = iktr (r — Ti){h^^dh). The right action of Gr on Yi-r lifts to the action on Lir 
defined by 

{(.9,h), [j,v]i) I — > {{g,h-fr), [ljT,XiT{lrr^v]i) (5.6) 

for jr G Gr projecting to jr ^ Gr- For kr a weight, the right hand side does not 
depend on the choice of the lift jr- The hermitian structure and the connection on Lir 
descend to the quotient bundle Lir/Gr = Lir over Yir- The curvature form Fir of Lir 
is given by the relation: 

TFir = iktT{Ti-T){h-^dhf 

with r standing for the projection from Yir to Yir- Let E he a hermitian line bundle 
with connection over Yd coinciding with Lir over Yir, see (5.3) and (5.4). Note that 
E satisfies the curvature constraint (5.1), as required. Besides, there exist a bundle 
isomorphism 

p: L\ y2^®plE -^ p\E (5.7) 

satisfying relation (2.9). It is defined in the following way. Let, for r G Aij, {g, h) £ Pr, 
'J £ Gi projecting to j £ Gi and 7' € Gj projecting to 7' G Gj , 



^ij 



b,7',v]ij, iir = h,Uv']i, Ijr =W,v']jj 



induce, respectively, the elements £ij G L(^y^yf^, £ir E Ey and £jr € Ey' for y = {g,h'y ^) 
and y' = {g,h^' )■ Then 

We infer that if kr is a weight then {E,p) defines a 1-dimensional ^lij-module £1. 
Besides, the curvature of bundle E satisfies the constraint (5.1). Consequently, Vi = 
{Cr,£i) is a symmetric rank 1 ^-brane supported by D = Cr- General symmetric G- 
branes supported by the integrable conjugacy classes are isomorphic to the ones obtained 
by tensoring E with a trivial A^-dimensional bundle (all fiat vector bundles over Cr are 
trivial up to isomorphism). In other words, they correspond to rank N C/|£)-modules 

£n = £i®...®£i. 

N terms 

A rank N ^-brane Pjv = {Ct,£n) obtained this way is called a stack of N C/-branes 
Vi in physicists' language. 
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The non-integrable conjugacy classes D = Cr, i.e. such that kr is not a weight, 
support no symmetric ^-branes, as we shaU show now. Existence of such a brane imphes 
that Y\£) admits a vector bundle E with curvature F given by (5.1), i.e. restricting on 
each Yir to the scalar 2-forni Fi^-. The periods of Fir over 2-spheres in Yir have then 
to belong to 27rZ. Let aj for j = l,...,r be the j*'^ simple coroot of g and e±aj 
be the corresponding step generators. Consider for each j ^ i the su{2) subalgebra 
of g which is the real form of the subalgebra of g*^ generated by a^ and e±a • Such 
an su{2) subalgebra exponentiates to a subgroup SU{2) C Gi C G whose diagonal 
embedding into G x Gi ^ % induces the map from S"^ ^ SU{2)/U{1) to Yi^. The 
period of Fj^- on such a 2-cycle is equal to 

27rktr(r — rj)ay = 27rktrray. 

If r is not equal to a vertex of the Weyl alcove A^^^ then Yir is not empty (i.e. t ^ Ai) 
for at least two values of i and we infer that kr must be a weight. If r is a vertex of 
A^ then it belongs to the unique Ai for which t = Ti and the 2- form Fir vanishes. 
In this case Yd = Pr^ — G and ^-brane's vector bundle E over Yd must be flat and 
hence isomorphic to a trivial A^-dimensional bundle since G is simply connected. On 
the other hand, Y^f^ ^ { ih-f-\h) \ h e G, -f e Gi} ^ G x Gi with the line bundle 
L| [2] isomorphic to the pullback of Li from Gi. The isomorphism (5.7) maps now flat 

bundles and is given by a constant map R : G x Gi — > GL{N) such that 

HKiO = x.(C)"'R(/i,7)- 

Clearly, such a constant map exists only if kr^ is a weight so that the right hand side is 
^-independent. 

In summary, in the case of simply connected groups, the symmetric ^-branes are deter- 
mined up to isomorphism by giving their support, an integrable conjugacy class Cr, and 
their rank N . 

5.2 Symmetric branes for non-simply connected groups 

Let G' = G/Z be a non-simply connected group and Q' = {Y' , B' , L' , fi') be a gerbe 
over it described in Sect. 4.2. We shall look here for symmetric ^'-branes supported 
by the conjugacy classes Cf i C G' . This again leads to a problem in finite group Z 
cohomology, as already noted in [39] for the quotient groups of SU{N). For D' = Cf i, 

Yi,, = UUPilcr. (5.8) 

relr] I 

Any symmetric Q'-hiane D' = (D',£') supported by Cii induces by restriction sym- 
metric t/-branes supported by Cr for r € [r] (note that Yd C Y^, for D = Cr etc.). It 
follows that only integrable conjugacy classes Cf i for which kr is a weight may support 
symmetric Q'-hranes (if kr is a weight for some r € [r] then it is for all r € [r] ). Since 
now on we shall then assume that kr is a weight for r G [r]. 

Let us first look for 1-dimensional t/^,-modules £[ = (E' , p') satisfying the curvature 
constraint (5.2). By the above argument, we may take E' as the line bundle over Y^, 
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that over each PjIct — ^r restricts to Lj^. The problem is to define the isomorphism 

P ■■ L'U2i ®pIE' -^ pIE' (5.9) 

D' 

that satisfies the associativity condition 

po[fi'^id) = po[id®p), (5.10) 

[91 

see (2.9). Let {y,y') € Yd/- This means that, in the notations of Sect. 4.2, 
y = {g, hj'^) , zy' = {g, h-i'~^) , y' = {z'^g, hw^i'^) 

with g = he^^''^ h~^ for some r € [rjn^jj, j £ Gi, 7' G Gj and z & Z. The equivalence 
classes 

^ij = [l,l,u]ij, ^iT = [l,Uv']i, £j^r, =[lz,v']j,, (5.11) 

with Tz = z~^T and with 7 G Gj projecting to 7 and 7' € Gj to 7', induce, re- 
spectively, the elements iij G L(^y^^yi^ = L'/ n , ^j,- G £'^ and ^j^^-^ £ E' ,. Since the 
isomorphism p' is required to preserve the connection, necessarily, 

P{t,j^tj^r.) = Wi{jir (5.12) 

for yV*-?2 £ f^(l)- Besides, the conjugation of p' with an isomorphism of E' reducing 
to multiplication by y^ G U{1) over the connected components Pt\cT of Y^/, results in 
the change 

w% ^ yiw%yif\ (5.13) 

Such changes lead to isomorphic C/' [^/-modules and hence to isomorphic ^'-branes. 

It is now easy to translate identity (5.10) to conditions for coefficients W*'?^. For a 
triple {y,y',y") G y'^l as in (4.6-4.8) where g = he^'^''^ h~^ for some r G [r] fl Ajfe, 
7 G Gj, 'j' gGj, 7" G Gfc and z, z' G .Z', consider the equivalence classes iij, ij^k^ and 
£ik generating elements £ij , ij^k^ and iik as in (4.9) and (4.10). Besides, let 

^k,,,T^,, = [{c;ln")zz',v"]k_^_^,, ?fc^^,r^^, = [{lz)z' , Xkr{Cz,z'r^v"]k^^, . (5.14) 

It is easy to check employing the action (5.6) of Gr , and the relations 

{lz)z' = {C~^jl"cz,z')zz' , Xk,,,T^^,{{Cz,z')zz') = XkriCz^z') 

that both equivalence classes define the same element t-k^^ir^^i € E' u. Using Eqs. (4.11) 
and (5.12) and the first way of (5.14) to represent ik ,t , ^ we infer that 

/''(M'(^*^-,^i.fcJ®4,,,r,,,) = e2-^*'--'=^^.^'y,,,, P\tik®ik^,r^,) 



e 



27riktrTfefe^ / TA ,y\)ik p 



Z,Z' '^T-^ZZ' ■^«T 



if v' = u'v" in (5.11). On the other hand, using the second way to represent 
we obtain 

P'{t,j p'iij^k. 4,^,r,,, )) = Xfcr(?.,.')"' p'i^^J ^ Hl^ ^J.-J 



zz' zz' 
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The associativity condition (5.10) requires that both sides be equal and, since XkTicz,z') = 
g27riktr(T-Tfc)b,_,,^ it is equivalent to the identity 

W^:f;, WZ'J W% = V.;,,,. (5.15) 

with 

where Vz^z' is the solution of Eq. (4.12) that determines gerbe Q' . It is easy to verify 
that V = (Vt-;^,x') forms a 2-cocycle on group Z with values in the .Z^-module f/(l)'^^ 
of f^(l)-valued functions on the Z-orbit [r], i.e. that 

{SV)t;z,z',z" = '^T^;z',z"Vr;zz',z"^r;z,z'z"Vr;z,z' = ^ 

for r € [r] and z,z',z" € Z. The cohomology class [V] € iif^(Z, f7(l)M) is independent 
of the choices of bz^z'- Indeed, under the transformations (4.13), 

V ^^i5W')V for W;.^ = e^^'^*'™- . (5.17) 

Let us first show that if Eq. (5.15) has a solution then by a transformation (5.13), 
which maps solutions to solutions, one may achieve that W*'?^ does not depend on {i,j)- 
We shall use the fact that Vt;z,i = ^t;1,z' = 1- For z,z' = 1, Eq. (5.15) reduces to 

which means that, for each r, {yVl\) is a C/(l)-valued Cech 1-cocycle for the covering 
(Ai) of the point {r}. Such a 1-cocycle is necessarily a coboundary: 

for y^ € ^(1)- By the transformation (5.13), we assure that yVl\ = 1. Now, specifying 
Eq. (5.15) to z = 1 or to z' = 1, we infer that 

t;z' '*t;z'^ ''t;z ''^t\z^ 

i.e. that W^-^^ is independent of (i,j). Note in passing that the condition W^^.i = 1 
means that the isomorphism p' restricts to p over Y^ C Y^, ^ for D = Cr with r C [r] . 

Without the (i, j)-dependence, {Wr;z) = VV forms a 1-cochain on group Z with 
values in the Z-module C/(l)'^^. The identity (5.15) reduces then to the cohomological 
equation 

6W = V (5.18) 

where {5W)r;z,z' = yVTz;z'yVr-zz'^'r;z- Eq. (5.18) has a solution if and only if the 
cohomology class 

[V] e H\Z,U{lp) - H\Z^,],U{^)) 
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is trivial where, as above, Z[^] C Z denotes the stabihzer subgroup of r € [r]. Vanish- 
ing of the cohomology class [V] is a necessary and sufficient condition for the existence of 
a rank 1 symmetric ^'-brane supported by the integrable conjugacy class C[ i. Two solu- 
tions of Eq. (5.18) lead to isomorphic t/'-branes if and only if they differ by a coboundary 
by with [by^T^z = yr^yr^ for 3^ G \J(\Y^. in general, however, they may differ by a 
1-cocycle on Z with values in C/(1)M. We infer that the cohomology group 



R\z,\j{\f^) - i:?i(Zf,,,[/(i)) = zr 



r ' 



where ZT-^ is the character group of Zr^i , acts freely and transitively on the set of 
the isomorphism classes of symmetric rank 1 t/'-branes supported by D' = Cf , , if 
this set is non-empty. Recall that Z\^^ is the fundamental group of the conjugacy 
class Cf 1 C G' so that Z?-, may be viewed as the group of isomorphism classes of 
flat line bundles over C',y Let £'((/i), h = I, . . . , Z^^^, denote the non-isomorphic 1- 
dimensional C/^, -modules obtained from non-equivalent solutions W ofEq. (5.18). They 
give rise to non-isomorphic rank 1 Q'-hranes 'Di{h) = {D',£[{h)). In such a situation, 
any A^-dimensional t/' [^-module £'j^ giving rise to a symmetric brane is equal, up to 
isomorphism, to a product of £i{h) (for any h) by a flat vector bundle over D' = Ciy 
Such vector bundles are, again up to isomorphism, direct sums of flat line bundles so we 
may set 

£'j^ = £[{hi) ® ■ ■ ■ ® £[{hN) . 

We infer that if the cohomology class [V] is trivial then any rank A^ Q'-hiane Vj^ 
supported by Ci, is isomorphic to a stack of N (in general, different) 1-dimensional 
branes X>^(/i„), /i„ G {1, . . . , Zi^A. This is always the situation if Zi^-\ is a cyclic group 
since then H^{Z[^],U{1)) = {1}. 

Let us describe more precisely the solutions W of Eq. (5.18). First note that if two 
solutions differ by a 2-cocycle W" that is a coboundary, W' = 6y, then they coincide 
when restricted to Z^^y. W^.^^j = 1 (here and below, we use subscript zero for elements of 
Z[^]). Conversely, if two solutions coincide if restricted to Z^^-j then, setting y-:^^ = W- 
for a fixed r € [r], we have W" = Sy. A solution of Eq. (5.18) satisfies 

W-.^^ = W-^^ W-^^V-^,,, = W- V-^i V-^^^ (5.19) 

SO that its restriction to Zr^j is determined by the solution of the restricted equation 
with fixed f 

(<5W)9.^„,, = W-^,W^^ ,>V9.^„ = V-^^,, (5.20) 

involving the simpler cohomology of group Z!^-\ with values in U{1). The general solution 
of the last equation has the form 






where W-^ is a particular solution and x is a character of Z[^] . 



26 



Any solution of the restricted equation (5.20) may be extended to a solution of (5.18) 
in the following way. First, fix a map [r] 9 r i — > z{t) € Z such that z{t)t = f and, 
for T ^ T, choose W^.^/^-, € U{1) arbitrarily. Setting 

one defines W^.^ for all z a Z in such a way that the above equation holds also if z{t) 
is replaced by any z G Z. Finally, with the help of the relation 

one defines a solution W of Eq. (5.18) which, in particular, satisfies the identity (5.19). 

If another fixed element r' = Tz of the orbit [r] is used in the construction above 
with 

W9',.o = ^?,zo^'('o) 

as the solution of the restricted equation then the resulting solutions of the complete 
equation (5.18) coincides with the one described previously if and only if 

x(.zo) = 09.^ (zo) x{zo) 
for 

h-zizo) = >V|^ W^^~\-^^V::^ , (5.21) 

TT,z\ "/ r;ZQ Tz;Z{) t^)Z,zq t;zo,z ^ ' 

as may be easily seen with the help of relation (5.19). Note that ^ has the following 
properties: 

^;^0^(^o) = ^;^(^o)' ^;^(^04) = 09.^(^o)^;^(^o)' 

(5.22) 

^,;y(^o)09;..'(^o)~^0?;,(^o) = 1- 

They mean that defines a 1-cocycle on group Z with values in the module of Z'^^- 
valued functions on the orbit [r] which, due to the first relation, descends to a cocycle 
on the quotient group ZlZ\^^ . The cocycle is not unique. If we multiply the special 

solutions W- by f-dependent characters ^^(-^o) of Zy^^ then 
09;^(2o) I — > 09.^(zo) X9(^o)X9,(^o)"^ 

Given cocycle 0, we may identify the set of symmetric rank 1 t/'-branes supported 
by Cf 1 with the set of equivalence classes [f , x] of pairs (f , x) with r G [r] and x G -^m 
such that 

^.X) ~ ^' .X) if T =Tz and x =^.Jy)X- 

Such a description of branes agrees with the general one conjectured in [30, 66] for 
conformal field theories of the simple current extension type. The general classification 
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of the branes proposed there, based on consistency considerations, involved equivalence 
classes of primary fields and characters of their "central stabilizers" . For rank 1 branes 
of the WZW models, the latter reduce to the ordinary stabilizer subgroups Z\^-\ in the 
simple current group Z. 

In Appendix A we list solutions of Eq. (5.18) giving rise to all (up to isomorphism) 
symmetric rank 1 ^'-branes supported by the conjugacy classes of non-simply connected 
groups G' = G/Z with covering groups G running through the Cartan list. We use 
the description of the Weyl alcoves and of choices of the 2-chains b and V entering 
Eqs. (4.5) and (5.16) taken from [40]^. We specify: 

the action of the center of G on the Weyl alcove, 

r r 

the restrictions on nj > 0, X) ^i = ^^ such that ^ UiTi = kr = A is a weight, 

the subgroups Z and the restrictions on the level k of gerbes Q' over G/Z, 

the 2-chains V , 

the 2-cocycles V, 

possible stabilizer subgroups of Z, 

the special solutions W^ of Eq. (5.18) for different Z-orbits [r], 

general solutions leading to non- isomorphic ^'-branes. 

Describing 2-cocycle V we use the the monodromy charge Qz{^) defined for integrable 
weights A by 

Qz{^) = h{X) + h{kTzo) ~ h{zX) modi = trArg^ modi 

where h{X) is the conformal weight of the chiral primary field with weight A and, by defi- 
nition, zX = kzT if A = kr. In most cases, the special solutions W^.^ ^, are independent 
of r, T G [t] as may be seen from the restrictions on coefficients rii together with the re- 
lation X nj = k combined with the restrictions on k. Such independence implies that the 
cocycles (p of Eq. (5.21) are trivial and the description of branes by the equivalence classes 
[f , x] is superfluous. The exception is the group G' = Spin{An) / {J^2 x ^2) = SO{^n) /'L2 
where several cases give rise to non-trivial cocycle (p. Also for that group, which is the 
only one with non-cyclic fundamental group Z = Z2 x Z2 and multiple (double) choice 
of stably-non-isomorphic gerbes Q\ for one of those gerbes there are no (scalar) solu- 
tions of Eq. (5.18) for single-point orbits [r] (i.e. if Zr^i = Z2XZ2). Consequently, there 
are no symmetric rank 1 t^'-branes supported by the corresponding (integrable) conju- 
gacy classes C',i C G' . We shall devote the next section to the analysis of higher-rank 
^'-branes supported by such conjugacy classes. 

6 Non-Abelian symmetric branes for SO (in) /Z2 

For group G' = Spin{2r)/Z with even rank r = 4, 6, . . . and Z = Z2 x Z2 , the integrable 
conjugacy classes Cii with Z^^j = Z2XZ2 correspond to 1-point orbits [r] with 

r r 

kr = ^ riiTi , nj > , ^m = k, 

1=0 i=0 



14, z' is equal to e '^' '"^^^'o ^,^' u^^z' with u^^^' defined and calculated in [40] 
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no = ni = rir-i = n^ G Z , nj = rir-i £ 2Z, i = 2, . . . , r — 2 . 

Such conjugacy classes exist if and only if k is even. The two inequivalent choices Q'^ 
for the gerbe over G' correspond to the upper and lower choices of signs in the 2-chain 
V that enters the formula (4.11) for the groupoid multiplication, 

f ±1 if iz,z') ={Z2,ZI),{Z2,ZIZ2), 

^z,z' = i {ziZ2,Zi),{ziZ2,ZiZ2), (6-1) 

I 1 otherwise 

where zi,Z2 are the generators of Z, see Sec. 4. 4. II of [40]. For the 1-point orbits [r], 
the 2-cocycle V of Eq. (5.16) reduces to the same expression 

Vr;z,z' = K,. (6.2) 

and defines for the lower choice of signs in 6.1 a non-trivial cohomology class [V] G 
H'^{Tj2 X Z2, U{1)) = Z2 which is an obstruction to the existence of solutions of Eq. (5.18) 
and of symmetric rank 1 t/'^-branes supported by the conjugacy class Ciy The simplest 
instances with k > occur for group G' = S'pm (8) / (Z2 XZ2) = 50(8)/Z2 for r = T2 
at levels k = 2, 4, . . . and for r = 4 (tq + ri + rs + t^) at k = 4, 6, ... in conventions of 
[40]. 

We shall search now for symmetric rank N ^'_-branes supported by the integrable 
conjugacy classes Ci-, with 1-point orbits [r]. As in the rank 1 case, such a brane T)'j^ = 
{D',£'^) induces by restriction a brane {D,Sn) for the Spin{2r) theory with the support 
D given by the conjugacy class Cr C Spin{2r). If £'j^ = {E',p') then Sn = {E,p) with 
coinciding vector bundles E' = E over Y^, = Yo- Since the symmetric rank N Q- 
branes are isomorphic to stacks of N rank 1 branes, we may assume, passing at most 
to an isomorphic C/^j^)/ -module 6'^, that over each connected component Pijc,- — Yir 
of Y^i , see (5.8), the vector bundle E' restricts to the bundle Lir ® C . Elements 
lir € Lir ® C^ in the fiber over y = {g,h^^^) G Pi\cr ^'^^ iio"^ determined by the 
equivalence classes lir = [7, v\i defined as in (5.5) but with v G C rather than t; G C. 
With this modification, the discussion around Eqs. (5.9) to (5.16) may be repeated word 
by word with W*-?^ and 3^* being now unitary N x N matrices so that their order in the 
formulae, previously irrelevant, becomes important. The same argument as before shows 
that yV^-'-z niay be chosen (i, j)-independent. Eq. (5.15) reduces then to the matrix 
relation 

m;zWr;z' = Vr-z,z' n^r;zz' (6.3) 

which, with the use of Eqs. (6.2) and (6.1) with the lower choice for the signs, implies 
that yVr:i = 1 and that 

W^.,^ = 1 = W^^^ ^ Wr-z,Wr;z, + Wr;z,Wr;z, = 

with yVr-ziZ2 = VVr; zi VVr; Z2 • I^ Other words, matrices Wr;z define an A^-dimensional 
representation of the 2-dimensional Clifford algebra. Unitarily equivalent representations 
correspond to isomorphic Q'_\d' modules i.e. to isomorphic ^L -branes and vice versa. 
The lowest dimensional representation is of dimension 2 and is given by the Pauli matrices 

W.« = (° I). W„. = (» -;), W,.„.. =i(J _M. (6.4) 
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It is unique up to unitary equivalence. It gives rise to a 2-dimensional Q'_ |£)'-module 
£"2, hence to a rank 2 ^L-brane T>2. The higher dimensional representations exist in 
even dimensions N and are unitarily equivalent to direct sums of the 2-dimensional 
representation so that, up to isomorphism, 

Oj\f = €-2 © ■ ■ ■ © c-2 . 
N/2 times 

We infer that for the gerbe Q'_ over S'0(4n)/Z2 corresponding to the lower choice 
of signs in (6.1) and even level k, the symmetric rank N t^^-branes supported by the 
integrable conjugacy classes Ci^ with 1-point orbits [r] exist only for N even and 
are isomorphic to a stack of N/2 rank 2 non-Abelian ^^-branes I>2 determined by 
the solution (6.4) of Eq. (6.3). In the algebraic classification of branes [30, 66, 70], see 
also [65], based on the simple current technique, those are the cases where the "central 
stabilizer" subgroup of the simple current group Z is trivial hence smaller than the 
ordinary stabilizer Zui. That the branes corresponding to such situations should be 
counted among the boundary conditions follows by demanding that the total number 
of such conditions be equal to the dimension / of the set of the Ishibashi states in the 
bulk sector of the theory [30, 66]. The simplest example of such a count is the case of 
group G' = SO{8)/'Z,2 at level k = 2 where the space of Ishibashi states has dimension 
/_(_ = 11 and /_ = 8 for the bulk theories related to gerbes Q'-^, respectively. There are 
five orbits [r] in the Weyl alcove Ay^^ such that kr is a weight. With the choice of Ay^^ 
and its vertices Tj as in [40] leading to the Z-action ziTi = T^-i Z2T0 = ti, Z2T2 = T2, 
Z2T3 = T4 , these orbits are: 

{to, n, T3, T4}, 
{^0 + in, ^3 + 1^4}, {iro + ira, 7T1 + iT4}, {Ko + iT4, in + irs}, 

W- 

For the boundary theory related to gerbe Q'_^_ , each of those corresponds to integrable 
conjugacy class carrying \Zi^A non-isomorphic symmetric rank 1 branes, so altogether 
we obtain 1 + 2 + 2-1-2-1-4 = 11 branes. For the theory related to Q'_ , the conjugacy 
class corresponding to the 1-point orbit {T2} gives rise to a rank 2 brane unique up to 
isomorphism and the brane count becomes 1 + 2 + 2 + 2 + 1 = 8. 

7 Boundary partition functions and operator product 

7.1 Boundary states for simply connected target groups 

Although obtained by classical considerations, the geometric classification of branes in 
the WZW model permits to elucidate the quantized theory by providing structures that 
manifest themselves directly on the quantum level. The spaces of states in the quantum 
WZW theory may be realized with the use of geometric quantization as spaces of sec- 
tions of vector bundles over the group path spaces. Such vector bundles are canonically 
associated to the gerbe Q on the group and to pairs of ^-branes P*, s = 0, 1. More 
concretely, for C the line bundle over the loop group LG and Sj^o the vector bundle 
over the space of open paths IG^o in the group extending between the brane supports, 
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see Sect. 3.2, the spaces of sections'^ 

M = T{C), Hgo = r(£'^o) (7.1) 

provide, respectively, the spaces of bulk and of boundary states of the theory. The 
first one carries the action of a left-right current algebra g © g whereas the second 
one that of the chiral current algebra g. The analysis of the representation content 
(spectrum) of the space of bulk states for the WZW models with all compact, simple 
but possibly non-simply connected groups has been performed in [27]. For the space of 
boundary states, the decomposition into the irreducible highest weight representations 
of the current algebras has the form 



eg ^ (^M^o\ (8) V-^) (7.2) 



A 

where the direct sum is over the integrable weights A and spaces V^ carry the irreducible 
representations of the current algebra g of level k and highest weight A^. For the theory 
with the simply connected target group G and rank Ng symmetric ^-branes P^ that are 
stacks of rank 1 branes supported by the integrable conjugacy classes Crs corresponding 
to weights A* = kr"^ , the multiplicity spaces take the product form 

M^o\ = C^»0C^C5M;;^,\. (7.3) 

The dimensions of the multiplicity spaces MA^ for the rank 1 branes are equal to the 
fusion coefficients N^ox so that the boundary partition functions of the WZW theory 
with a simply connected target group are given by the expressions 



■D' 



A 



where the (restricted) afhne characters X\{^) = Trr; e "^■^" with Lq denoting the 
Virasoro generator given by the Sugawara construction. 

The multiplicity spaces M^q^ may be thought of in different ways, depending on the 
situation. Firstly, they may be naturally identified [41, 38] with the spaces of 3-point 
genus zero conformal blocks of the bulk, group G WZW theory with insertions of the 
primary fields corresponding to the integrable weights A^, A" and A or, in other words, 
as spaces of properly defined intertwiners of the current algebra g actions in the spaces 
V^i and Vxo (8 Vx. Secondly, they may be identified with the "fusion rule" subspace of 
the intertwiners of the Lie algebra g action 

Roml^{Vxi,Vxo®Vx) C Bom^iVxi,Vxo ^Vx) 

where Vx stands for the space of the irreducible highest weight A representation of 
g. The relation with the previous picture is that the Lie algebra intertwiners in the 
fusion rule subspace are the ones that extend to the current algebra intertwiners (such 
extensions are unique). Finally, the spaces M^q^ may be thought of as composed of the 

^For positivity of energy, the level k of the theory has to be taken positive 

*A denotes the highest weight of the irreducible representation of g complex conjugate to the one 
with the highest weight A. 
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("good") intertwiners of the action of the quantum deformation Vlq{g) of the enveloping 
algebra of g in its highest weight modules. 

Different realizations of spaces M^o^ are more convenient in different contexts. We 
shall need still another realization that is derived from the one based on the fusion rule 
intertwiners of the Lie algebra action. We shall need a more concrete description of the 
spaces Homg^(TA^i, Vxa (8) V\). Consider the linear mapping 

Homg(F;,i,y;,o®yA) 9 V' ^ 1^) e Va 

such that for all \v) £ Vx and the highest weight vectors |A^) € V\s annihilated by the 
step generators e^ for positive roots a of g, 

It is easy to see that \ip) determines the intertwiner ip uniquely so that Homg(y;^i , V^o ^ 
Vx) and its fusion rule subspace may be identified with subspaces in Vx- The latter is 
characterized by the conditions 

t|V) = trt(Ai-A°)|V) for t£t, (7.4) 

e-5 IV") = for i = l,...,r, (7.5) 

^k-tr</,VAi + l|^^ = (7.6) 

whereas for the former, the 3 condition should be dropped. Above t denotes the 
Cartan subalgebra of g, a/ the simple coroots and (j), (f^ the highest root of g and its 
coroot. Equivalently, one may replace conditions (7.5) and (7.6) by 

ej"^ 1 1/^) = for i = 1, . . . , r , 

e_0 1^) = 0. 

Below, we shall identify the multiplicity space M^^,^ with the subspace of Vx composed 
of vectors satisfying (7.4), (7.5) and (7.6): 

M^ox C Vx. (7.7) 

M^'o^ inherits this way the scalar product from Vx- 

The latter description of the multiplicity spaces is particularly natural in the geo- 
metric realization (7.1) of the spaces of states where it may be obtained by evaluating 
sections of the vector bundle £^o on the special path 

[0,n]3x ^ 5.o..(x)=e^-'(^"+^(-^--")/-) 

in G extending between the brane supports D^ and D^. Such evaluation takes values 
in the fiber of £^o over g „ ^ which may be canonically identified with C " (8) C^i . The 
composition of natural injections 

Rom-{v-x,r{£:^o)) -^ Homg(y^, r(£-^o)) -^ T{£^o)®Vx 

(7.8) 

^ C^'^^C^i0Vx, 

where the last but one injection uses the identification between the dual space of Vx 
and Vx and the last one evaluates the sections of £^o &t (7t-0t-i , embeds the multiplicity 
space into C^ C^" (g) Vx- 
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7.2 Boundary states for non-simply connected target groups 

As pointed out in Sect. 9.2 of [39], the geometric realization (7.1) of the boundary spaces 
of states imphes a simple relation between those spaces for the WZW models with a 
simply-connected target group G and with the quotient target G' = G/Z. In one phrase, 
the latter space of states is composed of the Z-invariant states of the former. More 
exactly, for symmetric ^'-branes P'*, s = 0, 1, supported by the integrable conjugacy 
classes C',s-\ C G' , let "D* run through the ^-branes supported by the conjugacy classes 
Cr= with r^ G [r*] obtained by the pullback of branes P'*. There is one such Q-hrane 
P^ for each r* G [r*]. We shall denote by V^ the brane supported by z^^Cr" = Cr" if 
T)^ is supported by r*. As has been discussed in [39], the T>'^ brane structures allow 
to lift naturally the action of the subgroup Z of the center of G to the vector bundles 
£^'- 







i 


i 







with the lower line given by multiplication by z. The action of Z on the vector bundles 
£^0 satisfies zz' = zz' and induces the action on the sections: 

(U(z)vI/)(5) = z^{z-h) 
for ^ G r(£Lo^). One obtains in this way a representation U of Z in the space 

z 



containing all the G-theory states compatible with the ones in EIl?^,) • Operators U(z) 

map EI^o to H^o • They commute with the action of the current algebra so that through 
the decomposition (7.2) they induces the maps 

on the multiplicity spaces where z\ = kzr for A = kr and \z = ^Tz = kz^^r. A closer 
inspection of the the embeddings (7.8) shows that, in the realization (7.7) of spaces 



^A0„ 



U^oxiz) = <o., Wl.^ wz (7.9) 



where VV^s.^ are the solutions of the cohomological equation (5.18) (with values in Ng x 
Ng matrices) relabeled, for notational convenience, by the weights A* = kr^. Recall 
that the solutions W^ define the ^'|x)'« -modules £'^ such that P"* = (Cf si,£''^). The 
elements Wz ^ G are as in (4.4). Their action in V\ intertwines the multiplicity spaces: 

wz-. M^}^ -^ M/o\. (7.10) 

A direct check of this fact may be found in Appendix B. The action (7.10) is a special 
case of the action of outer current-algebra automorphisms on spaces of conformal blocks 
studied in [33], see also [1]. 
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The composition rule that assures that U is a representation of Z, 

U^^^\{z) U^,f^{z') = U^oxizz'), 

follows easily from the relation Wzw'^ = e'^'^'''^-^' Wzz' and the fact that e ^' ^■^' acts on 
on M^ox C Vx as the multiplication by e^^'^^(^i~^o)b,y ^ Vxo-z^z'W^, see Eqs. (7.4) 
and (5.16). Operators (7.9) are unitary. They behave naturally under the changes of the 
solutions W* by coboundaries. Such changes lead to isomorphic modules £"'* and to iso- 
morphisms of vector bundles 6^0 and of multiplicity spaces M^^. Operators U(z) and 
U^oJz) change by conjugation with unitary operators induced by such isomorphisms. 
Similarly, a change Wz i— > e'^'^"^^Wz for a^ G t induces the change Wx-z '~^ e'^^'^'^ ^^Wx-z^ 
see Eq. (5.17), that compensates that of Wz in Eq. (7.9). 

As indicated in [39], the space of boundary states IHI'r',0 of the WZW model with 
the G' target may be identified with the Z-invariant subspace of HI'^o • 

zeZ 

where P is the orthogonal projector on the .Z^-invariant states. The scalar product in 



HI'?,o should be divided by \Z\ with respect to the one inherited from the subspace 



/I 
current algebra g 



of HI'?,,) . In terms of the decomposition into the highest weight representations of the 



H'^o = M;J^ox^V-x (7.12) 

with the multiplicity spaces 

m;^k = e M^,'^ = e c^'>0C^0M^ox (7-13) 

^ ^ (DO,Di) (aO,a1) ^ ^ 

ASe[AS] 

where [A] denotes the Z-orbit of weight A under the action A ^^ zA. The representation 
U induces the operators 

uXi^) = e yXiz) (7.14) 

providing a unitary representations of Z in the multiplicity spaces M' 7() x • The relation 
(7.11) and the decomposition (7.12) imply then that 

where 

^'^^\ = M^^^^'a(") ^^^^a ^ P^^'X- (7.15) 

zeZ 

In short, the multiplicity spaces for the group G' theory are the Z-invariant subspaces 
of the direct sum of the multiplicity spaces for all group G branes compatible with those 
of the G' theory. 
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Together with the representation (7.9), the above constructions lead to the following 
expression for the boundary partition functions of the group G' WZW theory: 



Z',^;iT) -Tr ;e--o = T^K"^^! U^, 



where 



\Z\ 



zez 



\¥\ 1^ 1^1^ Tr KV;,o., Tr KV;,!., Tr^.i ti;. 



Y. Y. Y. TrW^o., TrW^i;, Tr, 



The non- negative integers N'^q are the entries of matrices N'y^ that provide a "NIM 
representation" of the fusion algebra [7, 59]. The relation of the above formulae to 
those of [30, 66] was discussed in [39]. It is based on the Verlinde type expressions 
conjectured in [33] for the traces of the action of outer automorphisms on the spaces of 
conformal blocks, see Eq. 9.62 in [39]. It should be possible to provide a direct proof of 
such trace formulae by studying the action of Wz on M^o;^ C V\ (or on the quantum 
group Uq{g) realization thereof). 

7.3 Boundary operator product 

As for the boundary operator product for the WZW theory, it is provided by a linear 
mapping 

■)i-n2 



A^o?i : H^,5 e^? -^ H^o' ■ 



In terms of the multiplicity spaces of the decomposition (7.2), it is determined by the 
maps 

^©o©iv • ^vox ® Af^v -^ ^vl ® Hom™(K, Vx ® V^) (7.16) 

which upon a choice of basis become "operator product coefficients" . The last factor 
in (7.16) determines the current-algebra intertwiner from V^^Vf}^ to Vp and plays in 
what follows a spectator role. For simply connected target groups G and rank 1 branes 
supported by integral conjugacy classes Cr^ with A* = kr*, the maps (7.16) reduce to 

^aoa'iv ■■ ^a'o'a ® ^AV -^ ^Su ^ M^, (7.17) 

or, in the realization of the latter spaces as fusion rule Lie algebra intertwiners, to the 
maps 



^... 



A0A2 
A fi 



: Hom^/(yxi , Vxo ®Vx) ® Hom^/(y;,2 , V^i ® V^) 

-^ Hom^^(yx2 , Vxo ® K) ® Hom^^(K, Vx ® V^) 

that may be identified with the fusing F-matrices of the bulk WZW theory [55, 63, 25]. 
Finally, in the realization of the spaces M^ as intertwiners of the quantum group Uq{g) 
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action, the maps (7.17) become [4] the quantum "6j symbols" [18] identifying two ways 
to decompose triple tensor products of highest weight representations. 

For stacks of rank 1 branes in the model with a simply connected target, the maps 
(7.16) for the multiplicity spaces given by (7.3) are obtained from those in (7.17) by 
tensoring with the contraction 



of the middle factors employing the standard scalar product on C^^ . 

As pointed out in [39], the picture of the boundary states of the WZW model with 
the G' = G/Z target as Z-invariant states in the G target model leads to a simple 
relation between the boundary operator products in both theories. In short, one should 
project the operator product of the G model to the Z-invariant sector. More precisely, 
consider the space 

where the direct sum is over the pullback branes in the G model and let 

P : H[p,o ® Etj)/! — ^ EI^,op,i 

be the orthogonal projection. Then the boundary operator product of the G' model is 
given by 






(7.18) 



where the operator in parenthesis maps from H'r^o^i to H'r',,) . The projector P 



above is spurious, since the result lands anyway in W^,o due to the symmetry property 



/V 
X"' 



A^o^' U(z) ®U(z) = U(z) A^^l (7.19) 

of the operator product. Formula (7.18) descends to the multiplicity spaces. Let 

and let P denote the orthogonal projection from M'^i, ® M'J^^ to M'J^nJ^^ , . Then 






M'^'^cg)M'I';^ 



(7.20) 



The projector P^, see Eq. (7.15), may again be dropped due to the symmetry property 
(7.19) that on the multiplicity spaces in the realization (7.7) reduces to the relation 

^xlSx^ w.®w, = w,®I a||;^ , (7.21) 

see (7.17) and (7.10). To further elucidate the above formulae, in Appendix C we work 
out their details for the case of the SO{i) WZW model. 
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8 Conclusions 

We have discussed in this paper how to set up carefuhy the Lagrangian approach to 
the WZW models with boundary using the concepts of gerbes and gerbe modules. The 
possible boundary conditions involving the Chan-Paton coupling to gauge fields were 
described in terms of D-branes in the target group carrying gerbe modules. The cor- 
responding gerbes are obtained by the restriction to the D-branes of the gerbe on the 
target group with the curvature proportional to the invariant 3-form ti {g~^dg)^. In 
particular, we have discussed the (maximally) symmetric branes that preserve the di- 
agonal current-algebra symmetry of the WZW model with a compact simple group as 
the target. Such branes are supported by the integrable conjugacy classes in the target 
group, i.e. the ones that contain elements e^'^''*'''^ where k is the level of the model and 
A is the (integrable) highest weight of a chiral current algebra primary field. 

For a simply connected target group G, up to isomorphism, there is exactly one 1- 
dimensional gerbe module that leads to a current-algebra symmetric boundary condition 
over each integrable conjugacy class Cr C G with kr = A, in agreement with Cardy's 
classification of boundary conditions [16]. The A^-dimensional gerbe modules with the 
same property are direct sums of the 1-dimensional one. In particular, the symmetric 
branes in the WZW models with a simply connected target carry only Abelian (twisted) 
gauge fields. 

For the non-simply connected target groups G' = G/Z, the integrable conjugacy 
classes C',i C G' correspond to Z-orbits [r] of rescaled weights r, with zCr = Czr C 
G projecting to the same conjugacy class in G' as Cr C G. The construction of 
gerbe modules over Cf i that define symmetric branes required solving a cohomological 
equation (5W = V with V an explicit 2-cocycle on Z taking values in the .Z^-module 
of C/(l)-valued functions on the orbit [r]. The scalar solutions W, if existent, lead 
to 1-dimensional gerbe modules over Ci^ with non-isomorphic choices labeled by the 
characters of the fundamental group of Cf , . The A^-dimensional gerbe modules are 
then direct sums of the 1-dimensional ones, resulting again in symmetric branes carrying 
Abelian gauge fields. The exceptional case involves the groups S'pm (4n) / (Z2 XZ2) = 
S'0(4n)/Z2 that admit two non-equivalent gerbes differing by discrete torsion. For one 
of those choices and the integrable conjugacy classes Ci^ corresponding to 1-point orbits 
[t] there are no scalar solutions of the cohomological equation 5W = V and no 1- 
dimensional gerbe modules leading to current-algebra symmetric boundary conditions. 
There exist, however, matrix-valued solutions W. The one of minimal rank is provided 
by the Pauli matrices. It gives rise to a 2-dimensional gerbe module over Ci^ . All other 
gerbe modules resulting in symmetric branes supported by such conjugacy classes are 
direct sums of the 2-dimensional one. The corresponding branes carry a (projectively 
flat, twisted) non- Abelian U{2) gauge field. The spontaneous enhancement of the gauge 
symmetry is even more common in the boundary WZW models with non-simple targets 
[31, 70]. We plan to return to this subject, and to the geometric classification of the so 
called twisted-symmetric branes [9] in the WZW models and of branes in general coset 
theories [38, 26] in the future. Another theme left for future is the geometric treatment 
along similar lines of the WZW amplitudes on non-oriented worldsheets. 

In the last section of the paper we have indicated how the solutions of the cohomolog- 
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ical equations defining symmetric branes in the WZW models with non-simply connected 
targets enter directly the expressions for the boundary partition functions and operator 
product coefficients of those models. This demonstrated the utility of the geometric con- 
siderations which provide a simple and unified view on both classical and quantum WZW 
theory. The general discussion was illustrated by the detailed computation in Appendix 
C for the WZW model with the S0{3) group target called, in the algebraic approach, 
the non-diagonal Dk,^ series of the WZW models with SU2 symmetry. 

An interesting question left aside concerns the stability [6, 58] of the symmetric branes 
discussed in this paper, see also Sect. 4.3 of [67]. The natural guess is that, in the present 
context, stable branes are the ones with gerbe modules of the minimal dimension whose 
number is equal to the dimension of the bulk Ishibashi states [70] . We plan in the future 
to address the stability issue and its geometric formulation. This question is also related 
to that of the Ramond-Ramond charges conserved in the brane condensation processes 
in the supersymmetric version of the WZW model [72, 10, 28, 11, 12, 35]. 
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Appendix A List of l-dimensional symmetric ^'-branes 



Covering Group: SU(r + 1) 



Center: 
Generator: 



Action on A^y : 



weight A = kr : 



Z , z'^+i = 1 

ZTi = Ti+l, i = 0, 1,., 



X; run , rii £Z 
i=0 



. , r - 1 , ZTr = To 



Subgroup Z : 
Quotient group: 



{z" I n divisible by N" = (r + l)/iV' } ^ Zat' 
SU{r + 1)/Zjv' 



leveb 



2-chain V : 



2-cocycle V : 



Stabilizers: 



k G Z if iV' odd or N" even, 
k G 2Z if iV' even and N" odd 



K. 



Vr; 



= 1 



-1) «=0 



if n + m < r , 

g7rir(r+l)Q4A) jf „ + ^>^ 



for n, m divisible by A^", < n,?7i < r 

Zr^i = Z„/ if n' is the largest integer dividing N' such that 
rii = rij for j = i + {r + l)/n' mod (r + 1) , 
possible if n' divides k 



Special solution: 



cocycle 



' r 

where (T = 0, 1 is the parity of r^ irij = r(r + 1) Qz (A) mod 2 
constant on [r] 



General solution: 



Wr-z^ = e2^'"P/(''+i) Wf.^n for p = 0,l,...,n'-l 

if Z\^] = Z„' 
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Covering group: Spin(2r + 1) 



Center: 
Generator: 



Action on A^ : 



weight A = kr : 



^ Z2 

z, z^ = l 

ztq = ZTi, zTi=To, zTi = Ti, i = 2,...,r 



J2 niTi, no,ni,nr € Z, rij G 2Z for i = 2, . . . ,r — 1 
j=0 



Subgroup Z : 
Quotient group: 



{1,4 = ^2 

S0{2r + 1) 



level: 
2-chain V : 

2-cocycle V : 



keZ 



v;n. 



Vr;^",. 



-l)^"-'- = g27rirQz(A) 



for n, m = 0, 1 



if n + m < 1 . 
if n + m = 2 



Stabilizers: 



Zr^i = {1, z} if riQ = rii and Zr^i = {1} otherwise 



Special solution: 



cocycle 



where cr = 0, 1 is the parity of rrir = 2rQz{X) mod 2 
constant on [r] 



General solution: Wr-z^ = (-l)"P>V^.^n for p = 0, 1 if Z[^] = {1, z} 
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Covering group: Sp(2r) 



Center: 
Generator: 
Action on Ay^r : 

weight A = kr : 



z, z^ = l 

ZTi — Tr—i ; ^ — U, . . . , r 



^ njTj , nj G Z for i = 0, . , 
i=0 



• ,r- 



Subgroup Z : 
Quotient group: 



{1,4=^2 

5p(2r)/Z2 



level: 
2-chain V : 

2-cocycle V : 



Stabilizers: 



cocycle 



k G Z if r even and k G 2Z if r is odd 



Vt:z",. 



1 



for n, m = 0, 1 



(_1)»=0 =g27riQ4A) 



if n + m < 1 . 
if n + m = 2 



Z[^]={l,z} ii ni = rir-i, i = 0,... ,r, 
Zui = {1} otherwise 



Special solution: wf.^n = e''''""/^ 



where o" = 0, 1 is the parity of J2 ^^i = '^Qz{^) mod 2 

i=0 
constant on [r] 



<A?:2n(2;o) = 1 



General solution: W^;^" = (-l)"PW^.^n for p = 0, 1 if Z[^] = {1, z} 
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Covering group: Spin(2r) for odd r 



Center: 
Generator: 



Action on A^y : 



weight A = kr : 



^ Z4 

z, z^ = l 

ZTo = Tr-l , ZTi = Tr , ZTi = Tr-i , i = 2, . , 



J^nm, nQ,ni,nr-i,nr eZ, 

i=0 

Ui e2Z for i = 2, . . . , r - 2 



• ,r 



Subgroup Z : 
Quotient group: 



S0{2r) 



level: 
2-chain V : 

2-cocycle V : 



keZ 



V 2-'2:n -,2m 



1 



1 



for n, m = 0, 1 



if n + m <1 . 
if n + 771 = 2 



Stabilizers: 



%1 = {1} 



if riQ = rii and nj._i = n,., 
possible if k € 2Z, 

otlierwise 



Special solution: 



cocycle 



W;.- = e 



man/ 2 



where o" = 0, 1 is the parity of n^-i + n^ = 4Qz(A) mod 2 
constant on [r] 

^..2u{zq) = 1 



General solution: >V^;z2n = (-1)"^ >V;.^2„ for p = 0, 1 if Z[^] = {1, z^} 
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Subgroup Z : 
Quotient group: 



^ Z4 



level: 
2-chain V : 

2-cocycle V : 
Stabilizers: 



Special solution: 



cocycle 



kG2Z 

for n, m = 0, 1, 2,3 



if n-\- m < A. 
if n + ra> A 



^[r] — Z4 



Z[,] = {l,z^}^Z. 



^H = {1} 



if no = rii = nj._i = n^ 

and rii = rir-i, i = 2, . . . ,r — 2, 

possible if k G 4Z, 

if riQ = rii and n^-i = Ur 

but Z[^] ^ Z4 , 

otherwise 



wiiere o" = 0, 1 is the parity of n^-i + rir = AQz{X) mod 2 
constant on [r] 



General solution: Wr-z^^ = e'^'P"/^ )^t^^_^^ foj. p = 0, . . . , n' - 1 if %] ^ Z„/ 
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Covering group: Spin(2r) for even r 



Center: 
Generators: 



Action on A^ : 



= Z2XZ2 

Zl, Z2, zl = l = zl 



Z\Ti — T-f—i , I — U, . . . , r , 

Z2TQ = Tl , Z2T1 = To , Z2Ti = Ti , i = 2, . 
Z2Tr~l = Tr , Z2Tr = Tr-l 



.,r-2, 



weight A = kr : 



X^^-jTj, nQ,ni,nr-i,nr eZ, 
ni G 2Z for i = 2, . . . , r - 2 



Subgroup Z : 
Quotient group: 



{1,^1} = ^2 

Spin{2r)/{1, zi} 



level: 



2-chain V 



2-cocycle V : 



k € Z if r/2 is even, 
k G 2Z if r/2 is odd 

^1 '^1 



Vt;^",. 



1 if n + 771 < 1 , 

(_l)iK-i+n.) ^e^irQ.^W -f n + m = 2 



for n, m = 0, 1 



Stabilizers: 



Z[^] = {1, Zl} if rij = rir-i, i = 0, . . . ,r, possible if k G 2Z, 
Z[^] = {1} otherwise 



Special solution: 



Wl 



^iT\a-n/2 



where o" = 0, 1 is the parity of |(nj._i + nj. 
constant on [r] 



"T Qzy (A) mod 2 



cocycle 



(h.,nizo) = 1 



General solution: W^j^j^ = (-l)"P>V;.^n for p = 0, 1 if Z[^] = {1, zi} 
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Subgroup Z : 
Quotient group: 



{1,^2} = Z2 

50(2r) 



level: 
2-chain V : 

2-cocycle V : 

Stabilizers: 
Special solution: 



cocycle 



keZ 



^2 '^2 






(-I)"'- 



^i+nr _ S'^iQ^oC-^) 



for n, m = 0, 1 



if n + 771 < 1 , 
if n + m = 2 



Z[^] = {1, 2:2} if no = rii and n^-i = n^, possible if k G 2Z, 
Zr^i = {1} otlierwise 



W! 



37ri(7n/2 



where o" = 0, 1 is the parity of n^^i ^ n^ = 2Qz (A) mod 2 
constant on [r] 



General solution: Wr;^ = (-1)"^ W^.^n for p = 0, 1 if Z[^] = {1, ^2} 
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Subgroup Z : 
Quotient group: 



{1,Z1Z2} = Z2 

S-pin{^r)l{\,ziZ2\ 



level: 



2-chain V : 



2-cocycle V : 



k G Z if r/2 is even, 
k G 2Z if r/2 is odd 



^{ziZ2)",iziZ2)"^ = 1 



(1 ifn + ?7i<l, 

for n, m = 0, 1 



Stabilizers: 



Z[^^ = {l,ziZ2} if no = nr-i, ni = n-r, 

and nj = rir-i for i = 2, . , 
possible if k G 2Z, 

Z[^] = {1} otherwise 



.,r-2. 



Special solution: 



WI 



;{ziZ2)'^ 



^iT\a-n/2 



where cr = 0, 1 is the parity of |(nj,_i + nj,) = rQ^ (A) mod 2 
constant on [r] 



cocycle 



<^;(^1^2)"(^0) = 1 



General solution: Wr-(ziZ2)" = (-1)"'' W;.. ^ ^„ for p = 0, 1 if Z[^] = {1, 2:1^2} 
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Subgroup Z : 
Quotient group: 



{l,Zl,Z2,ZlZ2} — Z2XZ2 

SO{2r)/Z2 



level: 



2-chain V 

k odd 



2-chain V 

k even 



2-cocycle V : 

k odd 



k G Z if r/2 is even, 
k G 2Z if r/2 is odd 



v;. 



±i 
-1 



K. 



V.:. 



if {z,z') = {Z2,zi), 

if (2,2:') = (22,^l^;2),(2l^2,^;i), 

{ziZ2,ZiZ2) , 
if (2,2:') = (^1^2,^2), 
otherwise 

if {Z,z') = {Z2,ZI),{Z2,ZIZ2), 

{ziZ2,Zl),{ziZ2,ZlZ2), 

otherwise 



( ^i(-l)«-l+"'- if {Z,Z') = {Z2,ZI), 

(_l)n._i+n. if {z,z') = iz2,Z2), 

±i if (z,z') = (Z2,Z122),(Z1^2,^122) 

±i(_l)n.-l+n. if {z,z') = {z^Z2,Zi), 

_(_l)n.-i+n. if (^,^') = (^,^2,^2), 

1 otherwise 




2-cocycle V : 

k even, r/2 even 



2-cocycle V : 

k even, r/2 odd 



K;. 



K; 



±(_l)n._i+n. if (^,^') = (^2,^l),(^1^2,^l), 

(_l)n._l+n. if (^,/) = (^2,^2),(^1^2,^2), 

±1 if {Z,Z') = {Z2,ZIZ2),{ZIZ2,ZIZ2), 

1 otherwise 

r (-l)«'-l+-- if {Z,Z') = {ZI,ZI),{ZI,ZIZ2), 

{Z2,Z2),{ZIZ2,Z2), 

±(_l)n._i+n. if (z^z') = iz2,Zi),{ziZ2,ZiZ2), 

±1 if (2;, z') = (z2, 2:122), (21^2, 2:1), 

1 otherwise 



with {-l)^r^l+nr = g^ 



27riQ, (A) 



and the signs corresponding to two choices ^^ ofthegerbe 
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Stabilizers: 



Special solution: 

r/2 odd 



cocycle (j) : 
General solution: 



Zr^i = {1} if rii 7^ rir^i for some i = 0, . . . ,r 

and no ^ rii or n^-i 7^ n^. 
and no 7^ n,._i or rii 7^ n^. or rij 7^ rir 
for some i = 2, . . . , r — 2 



Special solution: 


>^9.;.' = ^r;z,z' 


cocycle cj) : 


^;.(1) ^ 1 


Stabilizers: 


Z[r]={l,Zl} 


Special solution: 

r/2 even 


wz = u- , 



possible if k S 2Z 



W^ 



f e--/2 if (z,z') = (l,^i),(l,^i^2), 

(zi,2;i),(zi,^iZ2), 
±e--i-/2 if (z, z') = (^2, ^i), (^1^2,^1), 

(-1)'^ if {z,z') = {Z2,Z2),{Z1Z2,Z2), 

_^g7ria/2 ^f (^^ ^/) ^ (^2^ ^,^^2)^ (^^_^^2^ ^.^j.^)^ 

I 1 otherwise 

where a = 0,1 is the parity of n^-i + n^ = 2 Q^^ (A) mod 2 
constant on [r] 



$?.^(^o) 



±(-1)'^ if {z,Zo) = {z2,Zi),{ziZ2,Zi), 

1 otherwise 



W,;,n - = (-l)™P>V-^„ „ for p = 0,l 



Stabilizers: 



Special solution: 

cocycle (j): 
General solution: 



Zr^i = {1, Z2} if uq = rii and rir-i = n^ 

but rij 7^ n^-j for some i = 0, . . . , r , 
possible if k E 2Z 



W^ 



0?.^(^o) 



±1 if {Z,z') = {l,ZlZ2),{zi,Z2), 



{z2,ZiZ2),iziZ2,Z2), 



1 



otherwise 



±1 
1 



if {z,Zo) = {zi,Z2),{ziZ2,Z2). 

otherwise 



Wr-z-Z^ = {-irPW;.,u,rn for p=0,l 

-L -^ '12 
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Stabilizers: 



Special solution: 

r/2 even 



Z[^] = {1, Z1Z2} if no = rir-i ^ rii = rir 

and rii = rir-i for i = 2, . . . ,r — 2, 
possible if k G 2Z 



{{'} 



WI 



if {Z,Z') = {l,ZiZ2),{zi,Z2), 

{z2,Z2),iziZi,ZiZ2), 
(-ir{i,} if {Z,Z') = {1,Z2),{ZI,Z1Z2), 

{Z2,ZIZ2),{ZIZ2,Z2), 

k 1 otherwise 



Special solution: 

r/2 odd 



WI 



'g.ia/2|^.| if (z,z') = (l,Z2),(ziZ2,^2), 

e'^'^^/'jl} if iz,z') = il,ziZ2),iz,,Z2), 

{z2,Z2),iziZ2,ZiZ2), 
i-ir if iz,z') = izi,Zi),{z2,Zl), 

e--/2{_l.} if (Z,Z') = (21,^122),(22,^1^2), 



L 1 



otherwise 



where o" = 0, 1 is the parity of n^^i + rir = 2Qz (A) mod 2 
constant on [r] 



cocycle 



h-A^o) 



±(-1)'^ if {z,Zo) = {zi,ZiZ2),{z2,ZiZ2) . 

1 otherwise 



General solution: Wr-z"zJ^ = (-1)"^ W^.^n^m for p = 0, 1 

1 -^ '12 



Stabilizers: 



Z[^] = {1, ^1, Z2, Z1Z2} if no = ni = n^^i = n^ 

and nj = nr-i for i = 2, . . . , r — 2, 
possible if k E 2Z 



Special solution: 



w: 



1, 

no solution for the lower sign case 



cocycle 



<h:zi^0) = 1 



General solution: 



W, 



f — l\np+mq yyr 



for p, g = 0, 1 
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Covering group: Ee 



Center: 
Generator: 
Action on A^ : 

weight A = kr : 



= Z3 

z , z^ = 1 

ZTo = Tl , ZTl = T5 , ZT2 = T4 , ZT3 = T3 , 
ZT4 = Tq , ZT5 = To , ZTq = T2 



^TiiTi, nQ,ni,n^£7j, n2,n4,n6G2Z, 71,3 G 3Z 
i=0 



Subgroup Z : 
Quotient group: 



Ee/Zs 



level: 
2-chain V : 

2-cocycle V : 

Stabilizers: 



Special solution: 



cocycle 



keZ 

Z[r] 
Z[r] 

wZ 



1 



{1, z, z'^} if uq = rii = ns and n2 = n^ = uq, 
possible if k G 3Z 

otherwise 



{1} 



<h:zi^0) = 1 



General solution: Wr;^" = e^'^'"^/^ fQ^. p = o, 1,2 if Z[^] = {1, z, z^} 
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Covering group: E7 



Center: 
Generator: 
Action on A^ : 

weight A = kr : 



z, z^ = l 

ZTo = n , ZTl = To , ZTi = Ts~i for i = 2, . . . , 6, ZTt = T7 



Y.IT'iTi, no,niGZ, 71,2,71-6,^7 G2Z, 
n3,?i5 G 3Z, 714 G 4Z 



Subgroup Z : 
Quotient group: 



{1,4 = ^2 

E7/Z2 



level: 
2-chain V : 

2-cocycle V : 

Stabilizers: 
Special solution: 



kG2Z 



y yf^ yf^ ^ X 



Vr; 



for n, ITT, = 0, 1 



_2-\ni+n3 + ^ _ ^2mQz{\) 



if n + ra <1 . 
if n + m, = 2 



cocycle 



Z[^] = {1, z} if no = ni , 112 = rig and 71,3 = 715 , 
Zui = {1} otherwise 

>V^.^„ = e^''^"/2 

where u = 0, 1 is the parity of tt-i + 713 + ^ = 2(52(A) mod2 
constant on [r] 

<A?.,n(^0) = 1 



General solution: Wr-z^ = {-IT^W^.-.^ for p = 0, 1 if Zj^j = {1, z} 
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Appendix B 

We provide here a direct check that the action of the group elements Wz in Vx 
intertwines the multiphcity subspaces M^o^, see (7.10). We have to show that under 

the action of Wz in Vx an element |^) € Af;^o\ C Va lands in M^^^. One has to check 
then that Wz\ip) satisfies conditions (7.4), (7.5) and (7.6). The first one follows since 

tWz\lp) = WzWz^tWzlllj) = [tr {w^'^tWz)iXl - X^z:)]'Wz\lp) 

= [trt(Ai-AO)]w;,|V). 
For the second and the third condition, one has to use the relations 



w^^aiWz 


f Oil. 


if 
if 


iz^O 
iz = 


vj-^cpWz 


= -«o. 







easy to check by computing the Killing form between both sides and Tj = j^K- The 
above equalities imply that 



w^ ^e_„, Wz 



Wz^e^Wz = e_Q^^ 



if iz^O.. 

if iz = 0. 



and that 



v>,i _ / troi^A^ if iz^O., 

^ "^^ " I k-trcP'^Xl if iz = 0.. 

fe-tr^^A^ = tra^^A^. 



As a result. 



, tra^A^ + l 

^trQ^VAl + l_,_ l_,,,^ _ J -WzC.^J IV') if tz^O- 



e_'"' Wz\'4)) 



e. Wz\w) = Wz^- 






and the right hand sides vanish since IV') G ^aoa' ^o^e that one of the consequences of 

A^ ,1 

the intertwining property of Wz is the symmetry -/V^o^ = -^a"A °f ^^^ fusion coefficients 

giving the dimensions of the spaces M^^y 
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Appendix C 

For the sake of illustration, we make explicit the formulae of Sect. 7 for the case 
of the WZW model with the SO{3) target. With the Cartan subalgebra of su{2) 
spanned by the Pauli matrix o"^, we label the weights jo"^ integrable at level k by spins 
J = 0, i, . . . , 2- They correspond to the integrable conjugacy classes C^o-s/k C SU{2) 
supporting the rank 1 branes T>i of the theory with the SU{2) target that we shall also 
label by j. In the rank 1 case, the multiplicity spaces of the decomposition (7.2) and 
(7.3) take in the realization (7.7) the form 

' _ j C \j,f - f) if j+f+j^ G Z and 1/ -j'\<j< min(£+i' ^ 



j^J\ ^ ) ^\J,J -J ) iiJ-^J ^J tz^ anu \j - J I^J^mun^^, 



-jOj 



{0} otherwise 



]•-'-]' 



where |j, m) are the vectors of the standard orthonormal bases of the spin j representa- 

,■1 
tion Vj labeled by the magnetic number m = —j, — j + 1, . . . ,j. The dimensions A^ o . 

•1 
are equal 1 or 0. In other words, the multiplicity space M-!q. is spanned by the vector 

4j ^ ^f,\j,3'-f) G ^• 

The group 5'0(3) is the quotient of SU{2) by the center Z = {1, -1}. The level k 
of the 5*0(3) model has to be even. The nontrivial element of Z acts on the weights by 

j H^ 2~^ = i- • O'^^ has N .Q . = N\f .. We shall label the integrable conjugacy classes in 

5*0(3) by the corresponding Z-orbits of spins, with the two-point orbits [j] = {j,j_}, 
, J — |, and the single-point one [j] = {^] 

-0 



],^,...,j — i and the single-point one [j] = {j}. With the choice wi = I, 



tf_i = ( j ) ^^*^ ^-i.-i ~ 2^^ ^® ™ I^^]' ^^^ special solution W of the cohomological 
equation (5.18), relabeled by spins j such that kr = ja^, has the form 



i if 2j is odd , 

see Appendix A. It induces unique (up to isomorphism) rank 1 branes V^ of the 50(3) 
model supported by the conjugacy classes corresponding to the two-point orbits [j]. To 
simplify notations, we shall label such branes by [j]. On the other hand, there are 
two non-isomorphic choices, induced by Wj;_i of Eq. (C.l) and by its negative, for the 
branes supported by the conjugacy class corresponding to the single-point orbit [j]. We 
shall label them [j]^. Since w-i \j,m) = i^-^jj, — m), for the solution (C.l) the map 



Ujo,{-l) : M^o, ^ M^^ 



rj 



of Eq. (7.9) takes the form 



^•1 ^-1 



Ur'a-i—l) e.„ . = ui, ■ e-fn ■ 



where 






^■^ if 2j is even , 

2j-i if 2f is even and 2f is odd, (C.2) 

2j+i if 2j^ is odd and 2j^ is even . 
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■1 -1 7 ■! 

Note that u-!o ■ = u{) ■ = u-n- and that iu-'-n .)^ = 1. 

3 3 313 3 3 ^ 3 3' 



Given operators U{-)-{z)^ the multiplicity spaces in the boundary 50(3) model are 

obtained using relations (7.13), (7.14) and (7.15). First, for j^,j^ < j, the space Mr'm • 

•1 .1 ,-1 ,-1 

,3 ^3 



is spanned by the vectors e o ., e o •, e-,, •, e-o so that, with N denoting the diagonal 
matrix with the entries N{) ., N'^q ■, N'^q ., N'^q ., we may identify 

13"]3 

The operator 11,%, -{—l) becomes in this representation a 4 x 4 anti-diagonal matrix 
with the entries given by Eq. (C.2). The multiplicity spaces M, .gi • are spanned by the 



vectors 














1 

V2 


{4, 


+ 


""^3 


3^ 


and their dimension 


is 
















n: 


[3^] 
.•01 .• 






U"]j 3^^ 3 31 



' -r3^ 

fl3 



Next, for j^ = j and j'^ < t, the space M,l\ . is spanned by the vectors e-^ ., e^ . 
SO that we may identify 

rki 

The operator U, -qi ( — 1) is represented by an anti-diagonal 2x2 matrix with the entries 

given by Eq. (C.2) multiplied by ±1 for the [|-]± branes. The multiplicity space -^r,oi ,• 
is spanned by the vector 

Cr L. -, . , I O I, . ZL tX I, . O I, . 



and has the dimension 



[|]±i li 



The case Jo < !> i"^ = i is similar with 






/[|1 



the multiplicity space M^.q, . spanned by the vector 

/ rk 1 -, / k k k 

[i'^li ~ V2 V fj fj 3"_3 
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and its dimension equal to 






k 



Finally, for f- 



J 



LTJ± 



^, the space M,,,, . is spanned by the vector e,, .. Note that 



[^\±3 



tJ 



for half- 



k k 

A^i, . is equal to 1 for integer j and to for half-integer j so that e,, . 

rki 

integer j. The operator [/,,,, . acts as multiplication by (ib)(ib)(— !)■' with the signs 



labeling the choices of the branes. The multiplicity space M^ 
vector 






is spanned by the 



'LtJ± 



i + i±)i±)i-iy)e^. 



and its dimension is 



A^, 






^ l + (±)(±)(-l)^ AT, 



k 

4 J- 



In particular, for j = ^ and j , j = 0, i, . 



i, one obtains: 



A^; 



A^, 



kl 1 



1 if |/-ji| 

otherwise , 

1 if J^ = ^ 

otherwise , 



1 

2 ' 



1 
2 ' 






N, 



'[*] 






if .-0 = k _ 1 
otherwise , 



so that the matrix A^' may be identified with the adjacency matrix of the Dk ^2 Dynkin 
diagram [7]. 

■1 -2 ■// 

For the SU{2) theory, the operator product coefficients are given by the map A-'.q-'.i-'. ., 
of (7.17) such that 






ii-i" 



3 J 



^fj" '^ ^jf 



where the entries of the fusing F-matrix F^ 



j'-f 



3 f 



ji ji j2 jii 

vanish unless A^^ A^ 1 -/A^ o //A^ •/ 
ri ri r'j n 



1. The symmetry (7.21) reduces to the relation 



3 J 



i-iy 



-' F. 



3 J 



for the fusing matrices, see [13]. For the boundary operator product of the 5*0(3) model, 
see [64] for a related work for the minimal models and [52] for the case of level k divisible 
by 4, one obtains using the relation (7.20) and the identity 



(-^V"-3-3' ..i^ .,r _ P 
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holding whenever NjojN^j1j,N^joj,>N^jj' 



1: 



A'lj'mj" f'lf] 



^b']j' 
^jb^] 



A'b']b^]j" 'b'] ^ f'b^] 



LTJ± 



b'']f 



LTJ± 



' b'' 



^[i«][^]±ii' %'']j "^""[^lii' 



nmu" f'b']^'iih 
^b°]b^ jf ^j<-']j^^b^j' 



' F 

V2 ^h" 


j f _ 




" ® ^h' ' 


1 f Z7 


If'P] 
.3 f . 


%'']3"®^3 3'' 


1 jl p 


. 3 3' . 




V2 ih" 


.3 f 


•^[i"]i"'^S'i" 


^ F 

v/2 iij" 


\3'- 
.3 3' . 


%]±3"^''n" 


±V2"i-^-i."[ 








J 3' . 


4]3" ^ 4f 


1 1 ¥ r^ 


3 f 


■'[iO]i"^^ii" 




.33'. 


'[*1± ^ i" 


, 1 3 


3" ^- 


1/ 


Li 3 


-1 '[*1± ^ i" 



^ 






A 



'\i]±[i]±3" 



b°]l^]±3 3' ^[i'^li 



l + (±)(±)(-l)^- 



• F. 



^j" 



k i2 

i i' 



/ [p] j" 

%]±3"®^n" 



4]± ^ '[4]± 



l + (±)(±)(-l) 



• F 



^3" 



Okn /[4]^ 



3 ^ 
.3 3 



%'']3"^^3 3' 



^m±b']ji' %]±3^ b']3' 



.i / 






l + (±)(±)(-l) 



• F. 



\i" 



k k 



J J 



'[*] 
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